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Preface

This thesis studies a monopolistic firm that offers reusable products, or a service,
to price and quality-of-service sensitive customers — a rental firm can be thought of
as the canonical example. Customers’ perception of quality is determined by their
likelihood of obtaining the product or service immediately upon request. We model
the rental firm as a loss system with multiple servers used by pay-per-use customers,
as well as by a pool of subscribers. Though a Poisson process is widely used to
model pay-per-use customers, it is inappropriate to model the subscribers, especially
as a non-negligible fraction of the subscriber pool could be renters at any time. We
propose a Markovian On-Off-Hold model of subscriber requests for the product. An
added benefit of the proposed request model is that retrials by subscribers denied
service are implicitly taken into account. We analyze the system when the load on
the system, and consequently, the number of servers are large. We obtain diffusion
approximations in this asymptotic regime, which we use to compute an estimate
for the corresponding invariant distribution. Though the limiting diffusion process
depends on the Markovian assumptions for the subscribers, the invariant distribution
is insensitive to the distributional assumptions, as long as the Off and Hold times are
distributed identically, though independently.

We then study the firms’ alternatives of offering either a subscription option or a
pay-per-use option from a profit-maximizing perspective. In a large market setting,
under the assumption of exponential demand, using the diffusion approximations
obtained earlier we show that using the subscription option is more profitable for the
firm. Further, via a numerical study, we show that this assumption is not essential

for the result to hold. However, we show that it is not necessarily true that the

v



subscription option dominates the pay-per-use option on quality-of-service. The firm
is able to manage the trade-off between price and quality-of-service better in the
subscription option. Moreover, we show that the social welfare and the consumer
surplus can also be higher in the subscription option, indicating that both the firm

and the consumers can benefit from the subscription option.
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Chapter 1
Introduction

Many firms provide reusable products or services to customers who generate requests
for these products or services in some random fashion. Another source of variability
in this system is the duration of use of the product by the customer. A canonical
example is a rental firm. The firm cannot always accommodate all such requests
because the number of products stocked or the number of available servers is limited.
A measure of quality-of-service as seen by a customer in such a firm is the likelihood of
obtaining the product immediately upon request. In order to manage the variability
in the presence of capacity constraints, the firm needs to set the capacity level, i.e.,
the number of products stocked, and the price so as to optimally extract profit.
Access to such rental firms is typically of two kinds: subscription or pay-per-
use, with either option having an equal ease of implementation. For example, in the
case of DVD rentals, Netflix has emerged as a major player and it provides only a
subscription option. On the other hand, Blockbuster mostly provides a pay-per-use
option. Recently, with the introduction of Freedom Pass, Blockbuster has also made
a foray into the subscription option. Of course, one would expect a firm to do better
in face of competition by locking in customers via subscription. In this thesis, We
study subscription from a different angle. We study whether the firm is able to handle
the inherent variability in the system better if it offers a subscription option rather
than a pay-per-use option. That is, we study whether there is any operational benefit

to the firm of offering subscription.
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These rental firms can be modeled as multi-server loss systems, where customer
requests that are not served on request are lost. The study of loss systems has a
long history going back to Erlang (Erlang (1917), Gross and Harris (1998)). Most
of these models assume Poisson, or at best renewal, arrival streams, independent of
the number of servers being utilized. While this assumption is justifiable for pay-
per-use customers, it is not appropriate for modeling subscribers. We build a model
that better describers the behavior of subscribers by associating each subscriber with
a Markov chain having three states: On, Off, and Hold. A subscriber spends an
exponentially distributed amount of time with mean % in the Off state, after which
she requests for a server. If no servers are available she transits to the Hold state.
Otherwise a server is assigned to her and she transits to the On state. We do not
allow a server to be assigned to more than one subscriber at any time. In the Hold
state, she retries to obtain a server after an exponentially distributed amount of time
with mean % until a server is available. Once a server is assigned to her, she transits
to the On state. In the On state, she uses the server for an exponenitally distributed
amount of time with mean %, after which she releases the server and transits to the
Off state. All the times are independent and identically distributed and independent
of each other. Figure 1.1 illustrates the transitions, while a precise formulation using
Poisson processes is provided in (2.1-2.2). This subscriber model is related to the
classical Engset model (see Kleinrock (1975)) used in telecommunications. In fact,
for the special case in which the Hold and Off state are indistinguishable, i.e., when
the rates at which a subscriber tries to obtain a server from the Hold and Off states
are equal, the subscribers can be characterized by a two state Markov chain; this is
identical to the Engset model.

In this thesis, we consider a monopolistic firm serving price and quality sensitive
customers. The firm has the option of offering a subscription or a pay-per-use option.
We assume that subscribers pay a subscription fee per unit time, independent of the
usage, while the pay-per-use customers pay a price each time they use the product.
In each case, the firm statically sets price and capacity levels and observes demand
in response. The firm’s objective is to maximize the difference between the revenues

it obtains from the customers and the cost of maintaining the capacity. We assume
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If server not
available

If server not
available

n Subscribers k Servers

Figure 1.1: The system with n subscribers and k servers.

that the customer demand, that is, the number of subscribers joining the system or
the rate at which pay-per-use customers show up at the firm, depends on both the
prices the firm sets as well as the equilibrium likelihood of obtaining the product
immediately upon request. The reader can think of this equilibrium as having been
reached via repeated interactions with the customers, and hence this likelihood is
common knowledge in the market. Noting the difficulty of an exact analysis, we use
an asymptotic characterization to solve the firm’s profit maximization problem. The
natural asymptotic regime that we consider is one where the market for potential
customers is large. To this end, we asymptotically analyze the general rental system
with both subscribers and pay-per-use customers, who are modeled using a Poisson
arrival stream. This analysis encompasses both these individual systems and is also
of theoretical interest for its novelty. It also facilitates in quantifying the differences
between the subscriber model and that with a Poisson arrival stream.

We study the asymptotic behavior of this system as the number of subscribers n
grows without bound. We set the rate of the Poisson stream as A\, = An + Aay/n
and choose the number of servers to be of the form k = kyn + koy/n for some k; and
ks, akin to Halfin and Whitt (1981). We shall see in the economic analysis that this

is indeed the right order of magnitude for the Poisson arrival rate and the number of
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servers if our aspiration is to get within O(y/n) of the optimal profit. When k; is set at
a level that corresponds to the nominal utilization of the system, we derive diffusion
limits for the underlying system. In particular, we prove that a scaled and centered
version of the number-in-system process converges to a reflected affine-drift diffusion
process. When k; is set at a higher level, the limits obtained are similar to those for
the critically loaded case, except that asymptotically this system does not behave as
a loss system, i.e., the resulting diffusion is an affine-drift diffusion process without
reflection, and thus we do not treat this case in detail. (The asymptotic results for
this system are quite similar to those in Mandelbaum and Pats (1998).) The limits
obtained when k; is lower than the critical level are uninformative, as well as trivial.
For the critically loaded case, we extend the process level convergence to steady-state
convergence by proving the convergence of the corresponding invariant distribution.
When the Off and Hold states are indistinguishable for the subscribers, we are able
to completely characterize the limiting invariant distribution as a truncated two-
dimension Gaussian distribution.

We use the asymptotic limits thus derived to perform a comparison between the
subscription and pay-per-use options. In comparing the two options, the first question
that one might ask is the following. Is it not true that locking customers into the
subscription option leads to a reduction in the inherent system variability, resulting
in higher quality-of-service at any choice of capacity or price? We show that this is
not true. In fact, neither of these options dominates the other in terms of quality-
of-service. This motivates us to compare profits in the two options. For the case of
exponential demand we prove that the subscription option is indeed better for the
firm. Through a numerical study we show that this result is robust with respect to
the choice of demand function. Although the subscription option does not necessarily
dominate the pay-per-use option on quality-of-service, the firm is able to manage
the trade-off between price and quality-of-service better in the subscription option.
Moreover, we show that the social welfare and the consumer surplus can also be
higher in the subscription option, indicating that both the firm and the consumers
can benefit from the subscription option. However this need not always be the case,

with the firm sometimes profiting from the subscription option at the customers’
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expense.

Organization. Chapter 2 develops the basic subscriber model and its asymptotic
limits, and then compares the subscriber model with an exogenous arrival model.
Chapter 3 contains the main theoretical results of this thesis. It provides the asymp-
totic limits for a general rental system that has subscribers and pay-per-use customers.
Chapter 4 uses the asymptotic results derived thus far to perform an economic anal-
ysis that demonstrates that the subscriptions option is operationally better than the
pay-per-use option for a firm. Finally, Chapter 5 discusses some points that are not

addressed in the rest of the thesis, and are worth not closing without.

1.1 Literature Review

The literature for limit theory of closed queueing systems is relatively small with
single server stations studied in Harrison and Williams (1996), and Kumar (2000).
Krichagina and Puhalskii (1997) and Kogan, Lipster and Smorodinskii (1986) study
queueing systems that allow stations to have state-dependent service rates, but in-
finite buffers. A very recent related paper is de Véricourt and Jennings (2005) that
develops limit theory for a multi-server queueing system serving a pool of subscribers.
This work models the system as a queue, where requests which are not accepted im-
mediately are queued. Using the probability of queueing as the relevant performance
metric, the authors use the limit to size capacity. Critically loaded loss systems with
customers arriving as a Poisson process are a subject of study in papers such as Hunt
and Kelly (1989), Reiman (1991), and Puhalskii and Reiman (1998).

In Chapter 4, we use the approach in Mendelson and Whang (1990) to build
a micro-economic framework around our service system and study optimal pricing
and capacity sizing at the system equilibrium. We characterize the system equilib-
rium as in Armony and Maglaras (2004) and Whitt (2003). These papers deal with
multi-server queueing systems with congestion sensitive demand but without eco-
nomic considerations and study the system equilibrium behavior using asymptotic

methods. Perhaps the most related to our work is a recent paper Maglaras and Zeevi
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(2003) that studies pricing and capacity selection in a multi-server queueing sys-
tem with Poisson arrivals. This paper uses the Halfin-Whitt (see Halfin and Whitt
(1981)) asymptotic results to develop estimates for congestion levels to compute op-
timal price levels. Another application of optimal pricing and capacity sizing in an
asymptotic regime is in Plambeck and Ward (2005), where the authors study static
pricing, capacity selection and dynamic scheduling using the traditional heavy traffic
assumptions in an assemble-to-order setting. Optimal capacity sizing under fixed,
exogenous demand is studied in Borst, Mandelbaum and Reiman (2004), where the
authors use asymptotic methods to compute the optimal staffing level in a call center
with the trade-off being between the agents’ cost and the quality of service provided.

Though we only deal with static pricing, work in Paschalidis and Tsitsiklis (2000)
and Gallego and van Ryzin (1994) suggests that this is not a major limitation. Pascha-
lidis and Tsitsiklis (2000) studies revenue management in the context of Internet ser-
vice provision using a Markov decision process framework where customers are only
assumed to be price sensitive. Although they focus on dynamic pricing, an important
conclusion of their study is that static pricing rules can achieve near optimal per-
formance. Gallego and van Ryzin (1994) derives a similar insight in the “classical”

context of selling a set of goods within a finite time horizon.

1.2 Mathematical Preliminaries

All the random quantities in this thesis are defined on a common probability space
(Q, F,P). In this thesis, we shall consider stochastic processes that lie in Dgm [0, 00),
the space of right continuous functions having left limits with values in R™. Although
the norm used on this space is the Skorohod J;, we will restrict ourselves to the
uniform norm because all the limits we consider will have continuous sample paths
almost surely (a.s.). For X € Dgm[0,00) and for 7' > 0, we denote || X |7 =
SUp;< MaX;—1,...m | X;'(t)]. We shall use the convention that for any function f :
Ry = Ry, || X(f()) [l = sup,cp maxi—123 | Xi(f(2))]-

We shall say that for random elements of Dgm[0,00), (X", X), X" — X if

| X" =X ||z — 0, a.s. for each T > 0. For a collection of probability measures
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P, and P defined on (S, S), where S is a general metric space and § its Borel o-field,
we say that P, = P, i.e., P, weakly converges to P, if and only if [ fdP, — [, fdP
for all bounded, continuous real-valued functions on S. Further, if X,, and X are
random variables defined on this space such that P, and P are the distributions of
X, and X respectively, then P, = P is equivalent to X,, = X. Note that unless
stated otherwise, all convergence results in this thesis take place as the index n — oo.

For any given stochastic process X € Dgm|0,00) and any measurable function
f:R™ = R, E,. f(X(t) = E[f(X(¢))|X(0) = 2], and if 7 denotes a probability
measure, then E, f(X(¢)) refers to the expectation of f(X(¢)) conditioned on X (0)
being distributed according to 7.

We use the following strong approximation result from Kurtz (1978), which follows

from Komlés, Major and Tusnady (1975), and will be used extensively in the proofs.

Lemma 1. (Kurtz (1978), Lemma 3.1) A standard (rate 1) Poisson process N(t)
can be realized on the same probability space as a standard Brownian motion B(t) in

such a way that the positive random variable X given by

IN(t) —t — B(t)|
X =
igg) log(2 Vv t)

(1.1)

satisfies Ee?X < 0o, VO > 0 sufficiently small. In particular, EX < oco.

For any given Poisson process N, N denotes its centered version, namely N (t) =
N(t) —t, t > 0. C%* is the space of functions defined on R3 that are i, j and k
times continuously differentiable with respect to the first, second and third argument
respectively. We use the convention that for a vector a € R™, a; represents its '
component and @’ denotes its transpose. Finally, we say f(n) = O(g(n)) if there are
positive constants ¢ and k, such that 0 < f(n) < cg(n) for all n > k.



Chapter 2

The Subscriber Model

This chapter introduces the subscriber model and analyzes it asymptotically as the
number of subscribers grows without bound. We shall observe that the asymptotic
limits are as tractable as those of a system with exogenous arrivals according to a
Poisson stream, though quite different. Most of the results in this chapter are special
cases of results in the following chapter and are stated here largely for the reader to
get a feel for the asymptotic regime, as well as a sense of the differences in the two
models.

This chapter is organized as follows: Section 2.1 deals with the subscriber model
with general retrial rates, charactering the asymptotic limits, Section 2.2 focuses on
the exogenous arrival model, and finally Section 2.3 performs a comparison of both

the models. Appendix A contains the proofs of results in this chapter.

2.1 Subscriber Model with Retrials

We begin by introducing the subscriber model and carrying out the asymptotic anal-
ysis in the regime where the number of subscribers and the number of servers increase
without bound.

We consider a system with n subscribers and k servers, where a server cannot be

assigned to more than one subscriber at any time. Each subscriber has an underlying
continuous time Markov chain J(-), where J(t) € {On, Off, Hold} for ¢ > 0. A
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subscriber spends an exponentially distributed amount of time with mean % in the
Off state, after which she requests for a server. If no servers are available she transits
to the Hold state, otherwise a server is assigned to her and she transits to the On
state. In the Hold state, she retries to obtain a server after every exponentially
distributed amount of time with mean % until a server is available. Once a server is
assigned to her, she transits to the On state. In the On state, she uses the server for
an exponenitally distributed amount of time with mean i, after which she returns
the server and transits to the Off state. We assume that all the times are independent
and identically distributed and independent of each other.

This system is a special case of that discussed in Chapter 3, where in addition
to the subscribers, an external arrival stream of customers is also present. However,
the novelty of this subscriber model and the interesting nature of its diffusion limits
motivate us to present the asymptotic results for this special case before doing so for
the general system.

We shall begin by introducing some notation, let Q™ € Dg2|0, c0) such that Q7 (%)
and Q4 (t) represent the number of servers in use at time ¢ and the number of sub-
scribers in the Hold state respectively, when there are a total of n subscribers, i.e.,
Q1 (t) = >_71 L{Subscriber i in On state at ¢} AN Q5(t) = D71 I{Subscriber i in Hold state at ¢}-
A precise definition of our system is as follows *

Q1) = QI (0) + N* ( [ tiarreantn - Qi - @;w))mu)

. . (2.1)
57 ([ e @ian) - 5 ([ p@iwan)
@30 = @30+ ([ (- Q1) - Qzaynan)
=8 ([ tasorenn - Q1 — @) (22)
- ( [ teswar@itd ).
for £ > 0, where N°(-), N%(-) and N"(-) are three independent, one-dimensional unit

rate Poisson processes.
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As we are interested in asymptotic results, we consider capacity levels of the form
k™ = kin + koy/n for some k; € R, and ky € R. Define

Further defining ¢"(+) = %() and q(-) = (q1(+), @2(-))" with ¢i(-) = min (]‘717 ﬁ) and

@() = ﬁu — q1(+), we have the following asymptotic results for this system.
Proposition 1. If ¢*(0) — q(0) a.s., then
(a) ¢" —q.

(b) If ky = F)\u and Q"(0) = Q(0), then Q™ = Q, where

)= Qu(0) = [ (0 W@ila) + k) + (= 1)Qa(a)

(2.3)
+V2mB(t) — Y (t)
Q2(t) = Q2(0) — /0 t vQs(u)du + Y (1), (2.4)

where B is a standard Brownian motion and Y s the non-negative, non de-
creasing process such that fot Q1(w)dY (u) =0, Vt >0, and Y(0) = 0.

(¢) The invariant distribution of Q™(-), 7" = #, where & is the unique invariant

distribution of the diffusion process given by (2.5-2.4).

This result is a special case of Lemma 4 and Theorem 1 in Section 3.1, and hence
its proof is omitted. All the asymptotic results in the thesis are structured in a
manner similar to Proposition 1. We first prove the fluid level convergence as in
(a), followed by weak convergence to diffusion limits as in (b). In doing so we first

establish that the equations describing the diffusion limit (2.3-2.4) have a unique
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strong solution. We also establish that the limiting diffusions have unique stationary
distributions and establish the convergence of the invariant distributions of Q" to the
invariant distribution of the limiting diffusions as in (c). Finally, where possible, we
characterize this limiting invariant distribution.

The diffusion process given by (2.3-2.4) is quite interesting. Note that there is a
single one-dimensional Brownian motion driving this diffusion and the only stochas-
ticity in the process Qg() arises through the local time of this Brownian motion at
the boundary. This process is fairly complicated, and it renders a further investiga-
tion into its invariant distribution futile. (The reader is directed to Section 3.1 page
21 for an illustration of the difficulties that arise in the computation of the invariant
distribution of this process.) However, we shall see that for the case v = A\, where the
Off and Hold states are indistinguishable, we obtain a far more tractable process for

which we will be able to compute the invariant distribution.

2.1.1 Special case v = A

When v = A, the Off and Hold state are indistinguishable, which implies that we do
not need to keep track of the number of subscribers in the Hold state. This allows us
to focus on a one dimensional process Q" () € Dg[0, 00) that refers to the number of

servers in use by the subscribers. We obtain the following characterization of Q™(-).
t t
@)= Q')+ 5 ([ 1igroasnstn - @)rde) = 5 ([}
0 0

Defining ¢(-) = min (]{71, ﬁ), we have the following asymptotic results for this sys-

tem.
Proposition 2. If ¢*(0) — q(0) a.s., then
(a) ¢" — q.

(b) If ki = 2 and Q"(0) = Q™(0), then Q" = Q, where Q(-) is a reflected

At+p
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affine-drift diffusion process with an upper reflecting barrier at 0. That is,

A

t
Q0 = Q) - () [ (@) + ke + VI BO-Y(), (29
0
where B s a standard Brownian motion, and Y is the non-negative, non-
decreasing process such that fot Q(u)dY (u) =0, Vt > 0 and Y (0) = 0.

(¢) The invariant distribution of Q™(-), 7" — #, where & is the unique invariant

distribution of the diffusion process given by (2.5).

The limiting invariant distribution can be characterized using Proposition 1 in
Ward and Glynn (2003) as follows.

Proposition 3. The density corresponding to the invariant distribution of the diffu-

sion process given by (2.5) is

exp (— 5= (A + p)(z + k2)?)
fi)oo exp (== (A + 1) (2 + k2)?) dz’

p(z) = x <0.

At this point, we shall take a step back and try to better understand the differences
between the subscriber model and one in which the customers arrive exogenously ac-
cording to a Poisson process. To do so, we build a diffusion model for the system
with customers arriving according to a Poisson process and compare the “attempt”
processes, that is, the processes according to which customers attempt to obtain ser-
vice, and the denial rates, that is, the steady-state rate at which customers’ attempts

are denied, in the two systems.

2.2 Exogenous Arrival Model

We consider a system with a large number of customers that arrive according to a
Poisson process. If an arriving customer does not find an available server, she leaves
the system and is considered lost, otherwise she uses the server for an exponentially
distributed time interval, after which she leaves the system and does not return.

This is the standard M/M/k/k loss model. As we are interested in a comparison
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of this model with the subscriber model, we shall set the arrival rate of this Poisson
process such that the nominal loads are equal in the two systems. The nominal load
is defined as the number of servers that will be in use in steady-state in the system

when the system has infinite capacity. For a subscription based system, this can be

computed to be nﬁ Hence, we shall set the arrival rate of the Poisson process at
A" = ﬁ,un + Ao/ = mn + \yy/n, where Ay € R.

As before we consider capacity levels of the form k™ = kin + kyy/n and denote
the scaled process by ¢"(+), the centered and scaled process by Q"() Also, define

¢(-) = min (l{;l, ﬁ) We now obtain the following asymptotic results for this system.
Proposition 4. If ¢*(0) — q(0) a.s., then
(a) ¢" — q.

(b) If ky = ﬁu and Q”(O) = Q(O), then Q™ = Q, where Q() is a reflected affine
drift diffusion process such that

~

Q1)

t

Q(0) + Aot — u/ (Q(s) + ka)ds + V2mB(t) — Y(t) (2.6)
0

where B 1s a standard Brownian motion, and Y is the non-negative, non-

decreasing process such that fg Qu)dY (u) =0, ¥t > 0 and Y (0) = 0.

(¢) The invariant distribution of Q"(-), #" — #, where 7 is the unique invariant

distribution of the diffusion process given by (2.6).

The limiting invariant distribution can then be characterized using Proposition 1
in Ward and Glynn (2003) as follows.

Proposition 5. The density corresponding to the invariant distribution of the diffu-

sion process given by (2.6) is

exp <_% (x+k2—)\/1\2/u)2u)

p(z) = :
fi)oo exp (_%(z+k2—)\?2/u)2u) dz

z < 0.
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We now perform a descriptive comparison of the two models. We shall compare
the asymptotic attempt processes and the denial rates in the two systems. If by = F’\H,
then at the fluid scale the attempt processes and the denial rates in both systems are
identical, which motivates us to study whether these similarities exist at a finer level

as well.

2.3 Comparison of the Two Models

We shall now compare the attempt processes and the denial rates in the two systems.

For convenience, we shall set v = X for the subscriber model.

2.3.1 Comparison of attempt processes

The attempt process of the subscribers occurs according to a non-homogeneous Pois-
son process, i.e. the number of attempts until time ¢, A™(t) = N (A fg(n —Q"(s))ds),
with N(-) being a Poisson process with unit rate. We have the following asymptotic

characterization of the attempt process.

Lemma 2. If fk) = F/\u and Q"(0) = Q(0), then

V(A fn— m) = - /0'(@@) + ky)ds + B (m-), 2.7)

where Q(-) is the reflected affine drift diffusion process given by (2.5).

Denoting the attempt process of the exogenous Poisson arrival process by fl"(),
we get an analog of the above lemma, i.e. y/n (fl"()/n - m~) = B (m-). Comparing
this with (2.7), we observe that the attempt process in the proposed model is indeed
different from the Poisson arrival process at the diffusion scale, even though they are
identical at the fluid scale (limn_)oo w = 0). The state dependence of the

drift highlights the key difference in the two attempt processes and also indicates the

manner in which retrials are incorporated.
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Figure 2.1: Comparison of denial rates in the two models.

2.3.2 Comparison of the denial rates

To further illustrate the difference in these two systems, we compare the limiting

denial rates, or the steady-state rate at which customer attempts are denied. We

shall perform the comparison for the critically loaded case as the nominal loads in

both systems are equal for this case. Specifically, we set the number of servers in
A

each system at penrilny koy/n and then vary ky. The denial rate as a function of the

number of servers, D"(k™), can be asymptotically characterized as follows.

Proposition 6. (a) The denial rate for the system with subscribers converges as

(b) The denial rate for the system with exogenous arrivals converges as

781 (- (-3) 5).

We shall now choose A = pu = 2 for our computations and compare the limiting

denial rates. Figure 2.1 plots the limiting denial rates as a function of k. We observe
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that if ko is small, the denial rate is lower in the exogenous arrival model, however
as ko increases the subscriber model has a lower denial rate, which demonstrates the
difference in the two models. Figure 2.1 can be explained loosely as follows. As the
number of subscribers that are in the On state increases, the number of subscribers
attempting to obtain a server decreases. Consequently, when the capacity level is high,
the denial rates seen by the subscribers is smaller than that seen by the exogenous
stream whose attempt rate is independent of the state of the system. When the
capacity level is low, the number of subscribers in the On state is small due to server

unavailability, and consequently the number of subscribers attempting increases.

Notes

Lemma 3 in Section 3.1 proves the existence of a unique @ that satisfies a relation

similar to that in (2.1-2.2). The proof can be adapted to prove the same for this case.



Chapter 3

A General Rental System Model

The focus of this chapter is a general rental system with two types of customers. The
first type comprises subscribers, while the other type constitutes a Poisson arrival
stream. Though most of the asymptotic results required for the economic analysis in
Chapter 4 have been provided in Chapter 2, we shall still study this combined system
for its novelty, namely, a loss system with this structure has not been studied in the
literature. Further, the asymptotic analysis of this combined system allows us to
answer economic questions in more general settings where both subscription and pay-
per-use options are offered by the firm (see Section 4.4). We shall explicitly compute
the asymptotic limits for this system as the number of servers and the load on the
system grow without bound. We shall prove the process level convergence as well
as that of the invariant distributions. The main result of this chapter is Theorem 1,
which encompasses the results in Chapter 2.

This chapter is organized as follows. In Section 3.1, we develop the general model
and state the asymptotic results. Section 3.2 contains a proof of the main diffusion
level convergence, while Section 3.3 contains a proof of the convergence of the invariant
distribution. All the results that are stated but not proved in this chapter are proved
in Appendix B.

17
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3.1 Asymptotic Results

Consider the system with a total of n subscribers as before and an exogenous stream
of customers that arrive according to a Poisson process with rate A\J. Let Q" €
Dgs[0, 00), where Q7(+), Q5(-), and Q4(-) are the processes that denote the number
of servers in use by the subscribers, the number of servers in use by the exogenous
customers, and the number of subscribers in the Hold state respectively. We obtain

the following characterization of Q™.

(1) =Qi(0) + N ( [ tiastsasein (n - Q1) - @3 du)

t t
— N} (/ pQ7 (u) du) + N" (/ LiQn(w+Qp (w)<knyvVQ3 (1) du)
0 0

t t
Q1(t) =Q3(0) + N (A;; / Lo Qi) du) N ( / W3 () du)

t
Qu(t) =Qu(0) — N" ( / 0101503 0yt V22 1) du)

#¢ (0= @) - Q)
- 58 ([ tiarosasrain (n = @10 — Q3w )

for t > 0, where N{(:) for i = 1,2, N{(-) for j = 1,2, and N'(-) are five indepen-

dent unit rate Poisson processes. For (w,y,z) € R%, let \"(z,y,2) = ((n — z —

/

2)A, Ay, 0) and p(z,y,2) = (px, py, 0).
(N1(z), Na(y), N3(2))" and defining N¢(t) = N$(t) = 0 for t > 0, the above relation

can be re-expressed as

Then, using the notation N(zx,y,z) =

t

) =0+ 5 ([ vias-asean @ wian) - 3 [ i@y an)
0 0
+ N" (/ 1{Q71L(u)+Qg(u)<kn}l/QgL(u) du) (1, O, —1)/
0

+(0,0, ANT(QT, Q3. Q3)(1)),
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where for A € Dg[0, 00),

AAWQT, Q3 Q)() =A ( / '<n—@?<u>—c2§<u>>xdu)

—A (/0 Li@pw+@pw<kny (n — QF (1) — Q5 (u))A dU) :

The following result proves the existence of a unique Q™ that satisfies (3.1).
Lemma 3. There exists a unique solution Q™ defined on (2, F,P) to (3.1).

Note that (3.1) can be rewritten as
Q"(t) = Q"(0) +/ [A(Q"(w)) + v(Q"(w)) — n(Q"(u))] du
0
# 5 ([ 1iarorasman @ @) dn) -8 ( [ u(@ ) o)
0 0
+ NT </0 1{@?(u)+@3(u)<k"}l/QgL(u) du) (1a O> _1), + (Oa O> AN?(Q?) an Qg))/

t
B /0 LQp+Qz (=t A" (Q" (u)) du,
(3.2)

where for (z,y,2) € RY, A(2,y,2) = (n— 2 — 2)A+vz, A, — (n—z—2)\ +vz)
and v(z,y,z) = (vz, 0, —vz).

To obtain meaningful asymptotic limits, we shall choose A\ = Ain + Ayy/n, where
A1, A2 > 0, and the capacity level k" = kin + ky+/n as before. Defining

() = Q;() and (3.3)
i) = (ﬁ%o) (3.4)

we state the asymptotic results for this system corresponding to the fluid limit.

Lemma 4. (a) Ifk; > ﬁu + % and ¢"(0) — q(0) a.s., then ¢" — q.

(b) If k1 < F’\“ + % and ¢"(0) — (0) a.s., where §y(-) = ==yt —dac 35;2_4“0 with a =
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b= — (u(k1+1)+A1+§(y—A)kl),
and ¢ = k‘ll/, ng() = k’l - 6?1() and 6?3() =1- )‘L)\U(jl’ then qn — q:

A point worth noting about this result is that we require ¢"(0) to converge to the
fluid limit as n — oo. If this condition does not hold, i.e., if there exists a sequence
along which ¢™(0) converges to a point different from the fluid limit, then along this
sequence ¢"(t) shall converge to the fluid limit only as both n — oo and t — oo.

We now wish to study the diffusion limits for this system. To this effect, define
Q"(-) = vnlg"(-) — q(-)) — (k2,0,0). Note that if k < F)‘“ + %, the correction
process simply does not exists, the limit instantaneously achieves the point ¢ and
stays there. If k; > F/\u + %, this case is identical to an infinite server setting and
is treated in Mandelbaum and Pats (1998). We now state the diffusion result for the

case k1 = ﬁ—l—’\—;

Theorem 1. (a) If k; = F/\u + )‘7, ¢"(0) — (0) a.s., and Q"(0) = Q(0), then
@" = Q, where
@) = Q)+ [ 1= NQuw) = A+ (@10 + k)l
+V2mB, (t) — mY (t),
Qa2(t) = Q2(0) +/0 (A2 — pQa(w))du + /21 By(t) — MY (1), (3.6)

(3.5)

A ~

Os(t) = 03(0) — / vQa(w))du + mY (1) (3.7)

where By and By are two independent standard Brownian motions, and Y 1is the
non-negative, non-decreasing process such that fg(@l(u) + Qs(u))dY (u) = 0,
vVt >0, and Y(0) = 0.

(b) The invariant distribution of Q"(-), 7" = #, where & is the unique invariant
distribution of the diffusion process Q()

The following result proves that the diffusion process given by (3.5 -3.7) is well
defined.
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Lemma 5. (3.5 -3.7) has a unique strong solution.

Noting the convergence in Theorem 1(b), it would be quite useful if we can char-
acterize the invariant distribution 7. However, we shall now demonstrate using a
non-rigorous argument the difficulty in estimating 7. Let us assume this invariant dis-
tribution has a density p € C?%1. Denote the state space of the diffusion process (3.5-
3.7) by S, ie., S={(x,y,2) : x+y <0,z > 0}, and its boundary by 95 = {(z,vy, 2) :
x+y =0} Let L = ((y—)\)z—()\+u)($+k2))%+()\2—uy)§y—uz% +maa—;2+)\1§—;
denote the generator of the diffusion process; its domain is C%2!. Pick any f € C*2!
with compact support such that m% + Al‘;—; = 0 on 0S. Then, applying Ito’s lemma
to f for this diffusion process and taking expectations with respect to the invariant

distribution, we obtain the condition

/Sﬁ(v)Lf(v)dv =0. (3.8)

Assuming sufficient regularity conditions on p, repeated use of integration by parts

leads us to contend that p should solve the following partial differential equation
(p.d.e):

0%p 0%p 9p 9p Ip 3
mo— + Alﬁ—yQ + A+ )@+ ko) — (o - uy)ﬁ—y +vig-+ A+ 2u+v)p=0,
for (z,y,2) € S\ 05, with the boundary condition
—(Ax 4+ AN+ p)ka — Xo)p — mg—i - )\12—5 =0, for (z,y,z2) € 0S.

We are unable to solve this p.d.e, and thus cannot provide a better characterization
of the invariant distribution. We shall see in the following that for the case v = A,

we can actually compute the invariant distribution of the limiting diffusion process.

3.1.1 Special case, v = A

When v = A, the Off and Hold state are indistinguishable, which implies that we do

not need to keep track of the number of subscribers in the Hold state. This allows us
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to focus on a two dimensional process Q" € Dg2[0, 00), where Q7(-) and Q5(-) denote
the number of servers in use by the subscribers and the exogenous customer stream
respectively. For (z,y) € R3 let A*(z,y) = ((n — 2)A, A7) and p(z,y) = (uz, py)'.

Then, we obtain the following characterization of QQ™:

Q"(t) = @"(0) + N* ( /0 t1{Q;L<u>+czg<u><kvl}A(Q"(U)) dU> — N? ( /0 tu(@"(U)) dU>

"( o ! An n et
for t > 0. Defining ¢" () = Qn()’ q() = (ﬁw %) ,and Q™(1) = v/n(q¢"(-) — q(+)) —
(ko,0)’, the corresponding asymptotic results for this system are as follows.

Proposition 7. If k; = FAH + /\_ul and ¢"(0) — ¢(0) a.s., then

(a) ¢" — q.

(b) If Q*(0) = Q(0), then Q" = Q , where

Ou(t) = 01(0) - / At 1)(O1(w) + ko)du + VIMB(t) — mY(t)  (3.9)
Q2(t) = Q2(0) + /0 t(>\2 — 1Qa(u))du + /20 By (t) — MY (1), (3.10)

where By and By are two independent standard Brownian motions, and Y is the
non-negative, non-decreasing process such that fg(@l(u) + Qo(u))dY (u) = 0,
vVt >0, and Y(0) = 0.

(¢) The invariant distribution of Q"(-), 7" = #, where 7 is the unique invariant
distribution of the diffusion process Q(-).

This result is another special case of Lemma 4 and Theorem 1, and hence its proof
is omitted.

We shall now characterize the invariant distribution of this diffusion process.
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Proposition 8. (a) If \y > 0, the density corresponding to the invariant distribu-
tion of the diffusion process (3.9-3.10) is

2 _ 22,2
OXp(_%<(1+k23n()\+u)+(?! AMl) u))
ifx+y <0,

A Y
plx,y) = fﬁmf;exp<-;<0“k%j“+ﬂk+@;f”“>>dydx (3.11)

0, else.

(b) If \y = 0, the density corresponding to the invariant distribution of the diffusion
process (3.9-3.10) is
exp(— = T 2
Ao p( 2m()‘+“)( ) ) 9 ny = = z S _%7
P, y) = { J-od' exp(= g ) (@+k2)? )da (3.12)

0, else.

Proof. We shall prove (a); the proof of (b) follows in a similar manner. Denote the
state space of the diffusion process (3.9-3.10) by S, i.e., S = {(z,y) : * +y < 0}, and
its boundary by 0S = {(z,y) : x+y = 0}. The generator of the diffusion process (3.9-
3.10) is given by L = —(A+p)(z+k2) 2+ (As —,uy)(% %—77188—@,22 +)\1§—; with the domain
C?2. Pick any f € C*? with compact support such that m% + )\1‘;—5 =0on 0S. It
can be verified that p defined in (3.11) satisfies [, p(v)Lf(v)dv = 0. Using 7 to denote
the probability measure corresponding to the density p, we mimic Proposition 1 in
Ward and Glynn (2003) to verify that 7 is the invariant measure as follows: using
Ito’s formula we obtain E:[f(Q(t)] = Ez[f(Q(0)] for all ¢ > 0, which implies that 7
must be an invariant measure. The result then follows by uniqueness of the invariant

distribution. =

Insensitivity of the steady-state distribution of the number-in-system pro-

cess in the original system

It is well known that the steady-state distribution of the number-in-system in the
M/G/k/k loss system is independent of the service time distribution (see Gross and
Harris (1998), pages 245-247). It is also known that the steady-state distribution of
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the number in system for the On-Off source model is independent of the distribution
of On and Off times (see Cohen (1957)). We will now focus on the system with
both subscribers and an exogenous pay-per-use stream and show that the steady-
state distribution of the number-in-system of the pre-limit process is insensitive to
the distribution of On times, Off times and the service times, i.e., it depends only
on the means of these distributions, when Hold times are identically distributed as
Off times. This insensitivity result does not hold when the Hold time and Off time
distributions are different and when the exogenous stream does not arrive as a Poisson
process.

Before stating the result, we shall introduce some notation. Let F' and G denote
the Off time and On time distributions respectively, with % and % denoting their
respective means. We shall assume that these distributions have densities. Note
that G is also the distribution of service times for the Poisson arrivals. Let the total
number of subscribers in the system be n, the arrival rate of the Poisson stream be
Aps
the subscribers in the On state at time t, where each subscriber is numbered from
1tonand U = {1,2,...,n} denotes the set of all subscribers. Let J”(¢) denote

and the number of servers be k. Let J*(t) be a set whose elements represent

the number of customers from the Poisson stream in service at time ¢. Let R*(t) €
R? denote the residual times for the subscribers at time ¢, i.e., for subscriber u €
J(t), R:(t) denotes the amount of On time remaining, while for subscriber u ¢
J(t), it denotes the amount of Off time remaining. Let RP(t) denote the residual
times for the customers in service from the Poisson stream. It can be verified that
{X(t) = (J°(t), R°(t), JP(t), RP(t)) : t > 0} is a Markov process. The number-in-
system process is given by {(|J*(¢)|, JP(t)) : t > 0}, where for a set A, |A| denotes
its cardinality. As this process is not Markovian, its invariant distribution is not well
defined. Thus, we shall work with the the steady-state probability of the number-in-
system process, which is given by P((|.J*(c0)|, JP(c0)) = (i,7)) for 7,5 > 0. We are

now ready to state the main insensitivity result.

Proposition 9. The steady-state distribution of {(|J*(t)|, JP(t)) : t > 0}, the number-

in-system process, depends on the distributions F' and G only through their means.
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Proof. We shall begin by computing the steady-state distribution of the Markov pro-
cess X (-). Let {X(t) : t > 0} be defined on a probability space (£, F,P). Further,
let

w5, a%) = 7(°]) [ AG(ay) [T wF (). and

uejs ugjs

w2 (j7,aP) = 7(j HMG

where 7° denotes the invariant distribution for the stand-alone subscriber system with
Off and On times exponentially distributed, 7P denotes the invariant distribution for
the stand-alone Poisson arrival stream with service times exponentially distributed,
and for a distribution H, H = 1 — H. Further, we shall say a state (j*, z°, 57, 2?) is
feasible if (j°, 2%, j7,aP) > 0, 2 = 0 for ¢ > j? and j* + j» < k.

If the following result holds, then Proposition 9 follows by integrating (3.13) over
the appropriate sets.

Lemma 6. If, for an appropriate constant C' > 0,

Cn — 7D (5%, %), 7 (3P, 2P),  if state is feasible,

0, else,

T(j% 2%, 37, ) =
(3.13)

then fr(js x®, jP, xP) is the density of the steady—state distribution m of {X (t);t > 0},
ie., m(A) = [, 7(5%, 2%, 37, aP) [T}, do [T} _, da?, for any set A € F.

This insensitivity result proves that to asymptotically characterize the invariant
distribution for such systems, it is sufficient to analyze a Markovian model. This
allows us to circumvent the issue of obtaining the process limits for these systems,
which are known to be measure-valued and fairly complicated, and provides a further

justification for using Markovian models.
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3.2 Convergence to Diffusion Limits

This section is concerned with the proof of Theorem 1(a). Note that Propositions 1
and 7 are special cases of Theorem 1. Proposition 1 follows from Theorem 1 by
setting A\ = A2 = 0, while Proposition 7 follows by setting Q%(-) = 0, as the system
is equivalent to one in which subscribers turn Off immediately when denied service.

Before beginning with the proof, we introduce the following notation

kn
n_ K" 14
A= (3.14)
0"(z,y,2) = \"(z,y,2) + V" (2, y,2) — 1" (2,9, 2), (3.15)
t
M*"™(t) = N° < / 1{Q7(u)+Q2(u><k”}A"(Q"(“))du>
0 (3.16)
+ N" </ L@y (w)+Qy (wy<kny Q3 (1) du) (1,0,0)
0
t
wene) = 3 ([ (@ o)
) 0 (3.17)
+ N" </ L@y (w)+Qy (wy<kny Q3 (1) du) (0,0,1),
0
1
o = E(M“’" — M%), (3.18)
1 _
0" = — (0,0, ANF(Q1, Q3,Q5)) (3.19)
S"={(z,y,2) e Rz, y,2 >0, x+y < k"}, (3.20)

where S™ denotes the state space of the process Q", and for (z,y, 2) € R3, A\"(z,y, 2) =
(n—x—2)\, \in+ X o/n, 0), u"™(z,y, 2) = (px, py,0) and v"™(x,y, 2) = (vz,0, —vz)’.

Rearranging terms in (3.2), we obtain the following characterization.

Lemma 7. Fort >0, q"(t) can be written as

" (t) = X"(¢) + /0 tR“(u) dY™(u), (3.21)
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where X", R" € Dgs[0,00) and Y™ € Dg[0,00) are defined as

X™(t) = q™(0) + %/0 0" (ng" (u)) du + a"(t) + 6" (¢), (3.22)
R'(t) = —((1 = ¢/ (t) — g5 ()N + vaz (t), A + % —(1—q'(t) — a5 ()X +vaz (1)),

(3.23)
Y"(t) = /0 1{q?(u)+q§t(u)znn} du. (3.24)

In addition, we have

o / R (u) dY" (u) = — sup (XP(s) + X7(s) — )",

0<s<t
where n = (1,1,0)".

We shall use the notation ®7,(X™)(t) to denote X" (¢) + fJR"(u) dY"(u) as in
(3.22-3.24). A point worth noting about R"™(t), which can be thought of as a reflection
direction to keep the underlying process within the feasible region, is its dependence
on the state at time ¢, as well as on n. This dependence complicates establishing
regularity properties, such as Lipschitz continuity, on the reflection map ®7.. To
circumvent this issue, we introduce an intermediate system which is defined on the
same probability space and differs from the original system only in the reflection
direction. For this intermediate system, we choose the reflection direction

R= lim R"(t) = — (m, A, —m)'". (3.25)
We shall prove that this intermediate system is indistinguishable from the system
under consideration at both the fluid and diffusion scale. It will then be sufficient to
derive the diffusion limit for the intermediate system alone. However, to prove the
equivalence of these two systems, we shall require the existence of a weak limit for the
intermediate system. Thus, we shall first obtain the diffusion limit for the intermedi-
ate system, and then establish that this intermediate system is indistinguishable from

the system under consideration at the fluid and diffusion scale, which will complete
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the proof.

We shall now define the intermediate system. We shall use the same notation
for the intermediate system as we did for the original system, albeit with a modifier
“” o differentiate between the two, i.e., Q" € Dgs [0,00) represents the number-in-
system process for this system. Before defining the intermediate system, we introduce

a mapping @, : Dgs [0,00) — Dgs[0,00) such that

$,(X) = X + RY, (3.26)

where R is given by (3.25) and for ¢ > 0

_ SUPg<s<t (X1(s) :l— Xo(s) —a)”

Y(t) =
®) R

with 7 = (1,1,0)". Note that the mapping ®, is independent of n.

We then define the following dynamics for the scaled number-in-system process

for the intermediate system ¢"(-) = %()

where
~ 1 rt -
X0 = 70+ [ 00 @)t a5, (3.27)
0
~ SUP(<s<y a0 s Y0 §)—k" + .
Y (t) = —2Peses (X1 ;/)g)g( =) , and we have the following analog to (3.15-3.19).
9”(:1/’7 y7 Z) = Aln(;‘c? y? Z) _'_ Vn(x7 y7 Z) - /JL”(:(:, y? Z)7 (3'28>

t
MEm(E) = N2 </0 1{@?(u>+@3(u><kn}A"(Qn(w>du)

t (3.29)
+N </0 1{Q?(U)+Q?(U)<k7l}ng(u>+ du) (1,0, O>/
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e = 5 ([ @) i)

t (3.30)
+ NT (/0 1{@?(U)+Q§(u)<kn}l/Qg(u)+ du) (0,0,1),
1
@ = S (M = ME), (3.31)
| R
=L (0.0 am@n . an) .

The state-space of the Q™(-) process is 5" = {(z,y,2) : z +y < k", x + z < n}.
Note that as the components of Q™ can take negative values as well, this intermediate
system has no “real” interpretation. Figure 3.1 provides a two-dimensional cross-
section of the state space along with the reflection direction of the number-in-system

process in the two systems.

— -1 /\1n+)\2ﬁ ~n
0=tan! (e ay) O

STL

Qs Qr Q5 Qr

(a) Original system (b) Intermediate system

Figure 3.1: Reflection directions in the two systems.

We now obtain the asymptotic limits for the intermediate system. Defining
/
Q™() = VA@() = () = (kz,0,0)', where q(-) = (525,22,0) , we have the fol-

lowing asymptotic results.

Proposition 10. If k; = F/\u + /\_ul and §"(0) — ¢(0) a.s., then

(a) " — q.
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(b) If @*"(0) = Q*(0), then Q*" = Q*, where

Q" (1) = Bo(2°(1) (3.33)
Zi(6) = Qi)+ [ [ = V@500 — -+ ) (@i(w) + kol du+ VBB, (9
(3.34)
236 = Q30+ [ O = Q30+ VIR Bt (3.35)
26 = @50) - [ vt (3.36)

where By and By are two independent standard Brownian motions.

Proof. Part (a) follows in an identical manner as Lemma 4(a). We shall prove Part
(b) on similar lines as Theorem 7.2 in Mandelbaum and Pats (1998). First, we shall

rewrite Q*" in the following manner.

Q" = i (@ <q+ 2"+ (k0, 0>/> - %@)) ~ (k2 0,0),

N4D

where

Z"(t) = Q(0) + Dy (t) + M"(t) + v/nd", (3.37)
D) = v [ (00w - otgtn + (0.2 ) ) aa (339)
M"™ = \/na", (3.39)

where 0(x,y,2) = (=(A+ p)x + (v — Nz, —uy, —vz) for (z,y,2) € R3.
Using the fact that for any vector 2 € R3, @, ., (X + 2) = ®,(X) + 2z and for
any b € Ry, b®q(X) = &o(bX), we can rewrite Q" as

Q" = ¥ (Z"> . (3.40)

We now state a few results that will be used to complete the proof. The first result
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proves that the mapping ®, defined in (3.26) is Lipschitz continuous. Lemma 9 proves
the convergence of the processes M"™ and \/ﬁgn Lemmas 10-12 prove the compact

containment, tightness, and weak convergence of the relevant processes.

Lemma 8. The mapping d, is Lipschitz continuous for any a € R, i.e, there exists
K >0 such that for every T > 0 and Z', Z* € Dgs[0,00), || ®(Z") — ®,(Z?) || <
K| Zz' - 7% ||r.

Lemma 9. The following convergences hold.
(a) M™ =W, where Wy(-) = V2mBy(-), Wa(-) = v/2X\ By(+), and Ws(-) = 0.

(b) /nd" = 0.

Lemma 10. The sequence {Q™} adheres to the compact containment condition
%iTmlimsupIP’{H Q™ |lr > ¢} =0.

Lemma 11. The sequence (Q*", Z", Dy, M™, \/nd") is C-tight.

Lemma 12. Let (Q*,Z* Dy, W,0) be any weak limit of (Q**, Z", Dy, M™, \/no").
Then, Z* satisfies (3.33-3.50).

The proof of Part (b) thus follows. =

We shall now prove that the intermediate system is asymptotically equivalent to
the original system at the y/n-scale, which implies that both these systems have iden-
tical diffusion limits. Although, this equivalence result holds in far more generality,

we shall prove it only for the case we are interested in.

Lemma 13. ForanyT > 0, if ki = F’\ujt’\—ul, q" — q, " — q and |Q”(0)—Q*"(0)| =
0, then || Q" — Q*" ||z = 0.

This, along with Proposition 10, completes the proof of Theorem 1(a).
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3.3 Convergence of Invariant Distributions

The subject of this section is the proof of Theorem 1(b). We shall prove the conver-
gence of the invariant distributions, as well as uniqueness of the invariant distribu-
tion of the limiting diffusion process. The proof employs a Lyapunov function argu-
ment as in Gamarnik and Zeevi (2006). However, as the processes we consider have
state-dependant drift and Gamarnik and Zeevi (2006) prove the limit interchange for
Jackson networks (with state-independent drift), their main results are not directly
applicable here. We shall begin with the following definitions for a Markov chain
(Q(t) : t > 0) with a complete, metrizable state space S as in Gamarnik and Zeevi
(2006).

Definition 1. A function f : S — R, is said to be a Lyapunov function with drift
size parameter —vy, where v > 0, drift time parameter to > 0, and exception parameter
K, if

sup  {E.f(Q(t)) — f(2)} < —.

{z€S:f(z)>K}
A function f: S — Ry is said to be a geometric Lyapunov function with a geometric

drift size 0 < v < 1, drift time ty > 0, and exception parameter K, if

sup  {(f(@)"E.f(Q(t))} < -

{z€S:f(z)>K}

Define ¢(t) = sup,cs(f(2))'E, f(Q(t)) and for any given 8 > 0,

Lq1(8,1) = sup B, [exp(B(f(Q(F)) — f(x)))]

zeS

Ly(B,t) = sup B, [(f(Q(1) — f(2))* exp(B(f(Q(1)) — f(x)) )],

z€eS

for ¢t > 0.

Let ¢" = n(q— q") — (kay/n,0,0)". Recall that ¢" = Q"/n and q(-) = (\/(A +
), A1/, 0)'. Differing from Gamarnik and Zeevi (2006), we shall prove that the
function f(z) = €'|z], where e = (1,1,1), is a Lyapunov function, where |z| =

(|z1], |22], |23])’. The fact that the centered and scaled process can take negative
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values leads us to this choice. We shall use S = R? x R, equipped with the sup norm.

Lemma 14. For all sufficiently large n, the function f(z) = €'|z| is a Lyapunov func-

tion with drift size parameter —/n, drift time parameter ty and exception parameter
con/n. In addition, the following hold.

lim sup L1 (Bo/v/n,to) < o0, (3.41)
1
lim sup —Lo(Bo/v/n, ty) < 0. (3.42)

We now establish the required tightness of the invariant distributions {7"}. Note
that the existence and uniqueness of these invariant distributions follows from the
fact that their corresponding Markov chains are irreducible and are defined on a

finite state-space, and thus are positive-recurrent.

Proposition 11. There exist constants Cy,cy such that for all sufficiently large n,

the sequence of invariant distributions ™ satisfies
Pﬁn(n_%e'|cj"(0)| > 5) < Crexp(—as),

for all s > 0.

Proof. Using Lemma 14 for 3, = cﬁon_% where 0 < ¢ < 1 is a constant, we obtain

lim sup n_%/@n[Q(/@na to) = lim sup n~'¢ByLa(By.to) < 1
for ¢ chosen sufficiently small. The following result from Gamarnik and Zeevi (2006)
(Theorem 6) for Markov chains defined on a complete, metrizable state space S will

be useful in proving this result.

Lemma 15. Suppose the Markov process Q(-) possesses an invariant distribution 7,
and suppose [ is a Lyapunov function with parameters v, ty, K. Assume in addition
that there exists 3 > 0 such that

BLy(B,t0) < - (3.43)
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Then, €0 is a geometric Lyapunov function with geometric drift size parameter
(1 —~[3/2), drift time parameter to, and exception parameter e’X. Consequently, for

every s > K
PA(f(Q0)) > 5) < (1= 18/2) " La(B, to)e "),

Now, applying Lemma 15 and using (3, = cGyn %, we obtain for every s > 0

Pen (€167(0)|/v/n > 5) < %exp (—ﬁn(sn% . con%))
_ Li(Bn, to)

= W exp (—cfo(s — cp)) .

(3.41) implies that there exists a sufficiently large ny > 0 and a constant ¢ > 0 such
that Ly (08,,ty) < co for n > ng. Then for all s > 0 and all n > ng

P (€1G"(0)]/v/n > 5) < exp (—cfo(s — co)) -

Co
1—cBy/2

A consequence of this proposition is the following result.

Corollary 1. Let &\/(g) be distributed according to ©". Then the sequence of random
vectors {@"(0)/\/n} is tight.

As any limit point of a converging sub-sequence of {7"} must be invariant for
the limiting diffusion process @(), this result proves the existence of invariant dis-
tributions for the diffusion process. We shall now prove that the diffusion process
can only have a unique invariant distribution, and this shall complete the proof of
Theorem 1(b).

Lemma 16. The diffusion process Q(-) given by (3.5-3.7) has a unique invariant

distribution.

Having established the desired weak convergence of the invariant distributions, we
shall end this chapter by proving the following uniform integrability result that will

be useful.
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Proposition 12. There exists 6 > 0 such that the family {exp(de’|g"(0)|/+/n)} is

uniformly integrable, where &\/(g) ~ 7" for eachn =1,2,.... Consequently,

Ese[n727(0)] — E+[Qu(0)),  fori=1,2,3.
Proof. Using Proposition 11, we have for all sufficiently large n and 6 > 0
Esn [exp(n™20¢'|§"(0)])] = /OOO P(n~2¢/|§"(0)] > 5~ log x)dx
<1+ /100 C exp(—c16 log x)dx

< 00,

provided ¢;07! > 1. Setting 0 < § < ¢, we obtain the result. m



Chapter 4

Operational Benefits of

Subscription Services

This chapter builds an economic framework around the models introduced in earlier
chapters. We shall now assume that our customers are price and quality-of-service
sensitive, where the customers’ perception of quality is determined by their likelihood
of obtaining the product or service immediately upon request. We shall study the
firm’s alternatives of offering either a subscription option or a pay-per-use option from
a profit-maximizing perspective. In order to perform this comparison, we shall make
the behavioral assumption that the customers’ propensity to consume the products
is the same in both options, i.e., we shall assume that the maximum load on the
system (through the customers’ requests for service) is identical for both the options.
We shall show that in a large market setting using the subscription option is more
profitable for the firm. However, we shall show that it is not necessarily true that
the subscription option dominates the pay-per-use option on quality-of-service. The
firm is able to manage the trade-off between price and quality-of-service better in
the subscription option. Moreover, we shall show that the social welfare and the
consumer surplus can also be higher in the subscription option, indicating that both
the firm and the consumers can benefit from the subscription option.

Our approach for solving the firm’s optimization problem for either option (or for

the combined case) is as follows. Denoting the size of the market, that is, the number

36
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of potential subscribers or the potential arrival rate of pay-per-use customers, by n, we
first solve a nominal optimization problem at the O(n) level. (As usual O(n) denotes
any quantity such that % is bounded as n — 00.) In such a system the natural
scale at which stochastic variability manifests itself is O(y/n). Any refinement to the
nominal problem that takes into account the stochastic variability in the system must
be at the O(y/n) level. The following example may help illustrate this scale difference.
Consider a newsvendor model with demand arising from n independent, identically
distributed sources. In this case, the optimal stock level comprises of the mean of
the total demand, which is O(n), and a safety stock against variability, which is some
number of standard deviations of the total demand and is O(y/n). The safety stock in
the newsvendor model is exactly analogous to the refinement to the nominal solution
that we propose. By applying a law of large numbers argument, Proposition 13 shows
that on the O(n) scale, the system operates in a deterministic regime with essentially
all requests being satisfied immediately. Furthermore, using a functional central limit
theorem proved in earlier work, we perform a refined analysis on the O(y/n) scale to
obtain prices and capacity levels that are optimal on this scale. That is, these choices

result in profits that are within o(y/n) of the optimal values (see Proposition 16).
o(n)

(As usual o(n) denotes any quantity such that == — 0 as n — oo.) Furthermore,
Proposition 15 shows that in this regime pricing and capacity sizing are equivalent
levers for the firm. That is, any refinement in prices can be imitated by an equivalent
refinement in capacity levels for both options. This asymptotic approach allows us to
compare the profits obtained under each option up to a resolution of o(y/n). Equating
the nominal solutions for both options, we prove the primary result of this chapter,
that is, the profit is higher for the subscription option by a quantity that is O(y/n).
Combining this with the size of the possible error in estimating the profit allows us
to conclude that in a large enough market, the subscription option dominates.

This chapter is organized in the following manner. In Section 4.1 we analyze
the subscription option. We build the customer demand function, set up the firm’s
optimization problem, and approximately solve it. We solve both the nominal problem
on the O(n) scale and its variability refinement and show that pricing and capacity

sizing are equivalent levers for the firm on the O(y/n) scale. In Section 4.2, we
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perform an analogous analysis for the pay-per-use option. Section 4.3 compares the
two options and proves the main result of this chapter, that is, the firm’s profits are
higher when offering a subscription option. Section 4.4 solves the profit maximization
problem for the firm when it offers both options, and finally Section 4.5 discusses the
conclusions and scope for future work. All the proofs of results in this chapter can

be found in Appendix C.

4.1 The Subscription Option

We begin by building a demand function for the subscribers. We consider a market
with a total of n potential subscribers. (For a detailed description of the subscriber
model see Section 2.1.) We shall assume that the retrial rate of the subscribers v = A;
Section 4.5 discusses the general case. In accordance with Naor’s original idea (see
Naor (1969)), we assume that each potential subscriber has a value S for each service
completed. This value is assumed to be the same for every service completed for each
potential subscriber but may differ among the potential subscribers. The valuations
are drawn from some distribution with the cumulative distribution function F'(-) and
the density function f(-). Each potential subscriber has a reservation value of r > 0,
which is to be interpreted as the value per unit time she would obtain from some
alternative to the current system. This reservation value is used by the potential
subscriber to decide whether to join the system or not.

The subscribers’ sensitivity to the quality-of-service is captured through the denial
probability, that is, the steady-state probability that upon request a subscriber does
not receive the product. We characterize the denial probability by

. No. of denied attempts by time ¢
~v = lim , : (4.1)
t—00 No. of attempts by time ¢

The higher the denial probability the longer it takes a subscriber to obtain the prod-

uct. In particular, the mean time to complete a service (starting from the Off state)

for each subscriber is % + Zﬁ% + i (Lemma 24 in Appendix C proves this result

for v = \; for general retrial rates, this relation is approximate.)
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A potential subscriber joins the system only if the value she obtains per service
exceeds her cost. Thus, when the system manager sets a subscription fee of p per

unit time, the number of potential subscribers that join the system, N(p,~), is given
by

N(p,7v) = nP <S> Gjtzoi%jt%) (r+p))

()

where F(-) denotes the tail of the cumulative density function. (Note that we are

(4.2)

approximating the number of subscribers that actually join the system, which is a
random quantity, by its mean.)

In addition to the subscription fee, the system manager also decides on the capac-
ity level k. Assuming each server costs $¢ per unit time, where ¢ > 0, the optimization

problem of the system manager can be stated as

max N — kc
X P (p,7)

st. vy =d(N(p,7),k),

where d(N(p,7), k) is the denial probability as a function of the number of subscribers
and the capacity level. Note that for any subscription fee and capacity level set, the
denial probability must satisfy an equilibrium condition, which is captured via the
constraint v = d(N(p,7),k). The inability to characterize this equilibrium denial
probability in a simple form renders this problem, as stated, extremely hard to solve.
This motivates us to try to approximately solve it in the natural asymptotic regime
of large number of potential subscribers. In particular, we shall let n grow without
bound and use the superscript n to make explicit the dependence of the various
parameters on n, i.e., p", k", and 4" denote the subscription fee, number of products,

and denial probability respectively, and N"(p",~") denotes the number of potential
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subscribers joining the system. The optimization problem can then be written as
X (p", k") = p"N"(p",7")

st A" = d(N"(p", "), k).

With this setup, we try to find a sequence of subscription fees and number of products
(p™*, k™) that is optimal in the limiting regime as n — oo. We shall begin by
providing a nominal solution, and then constructing a refinement that accounts for
the variability. The nominal solution optimizes the objective function on the O(n)
scale by appealing to the law of large numbers, while use of the central limit theorem
implies that the refinement is on the O(y/n) scale. The O(y/n) scale refinement
can be understood by considering a newsvendor model with demand arising from
n independent, identically distributed sources. In this case, the optimal stock level
comprises of the mean of the total demand, which is O(n), and a safety stock against
variability, which is some number of standard deviations of the total demand and is
O(v/n).

A sequence (p™*, k™) is said to be a nominal solution to the problem if for all

sequences (p™, k™)

lim inf " (p™, k™) > lim sup L
n—oo n n—oo n

Hn (pn* 7kn*)
n .

The nominal solution is a deterministic solution, and thus can be refined by study-

We denote the corresponding nominal profit by II, i.e., II = liminf, .

ing the variability in the system. To do so, we introduce the notion of asymptotic
optimality at the O(y/n) scale. We expect the actual profit in the system to be less
than that expected in the nominal setting. This motivates us to look at the loss in
profits due to variability and refine our solution to minimize these losses. That is, for
any sequence (p", k"), denoting II"(p", k") = /n (1:1 — w> as the O(y/n) scale
loss in profit, which is the difference between the nominal profit IT and that obtained

while using the rule (p", k™), we define an asymptotically optimal sequence as follows.

Definition 2. A sequence (p"™*, k™) is said to be asymptotically optimal if the scaled
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loss in profit is minimized, that is, for any sequence (p", k™)

lim sup II"(p™, k™) < lim inf II"(p", k™).

It is clear that for a sequence to be asymptotically optimal, it must be a nominal

solution.

4.1.1 Nominal solution

We shall begin by solving the nominal problem. This problem is achieved by scaling
the objective function by n and letting n grow without bound. This resulting problem
is in fact deterministic, and hence one expects that its solution should have v = 0.
Further, for v = 0, the capacity level must equal the offered load in the system, which
is defined as the mean number of products that will be in use in steady-state when the
system has infinite capacity. Using a renewal theory argument, we can show that the

probability that a subscriber will be using a product in steady-state is F/\u Hence,

as the number of subscribers that join this system is nF (%), where m = 24

pywrl
the offered load is n2-F ( ’"J;fn). This implies that if the price and capacity levels

At+p
converge as (p",k"/n) — (p, k), then the capacity level & must equal F/\NF (%)

Thus, we obtain the following static optimization problem, that we call the nominal

problem. (This will be proved rigorously in Proposition 13.)

max pF <ﬂ) — kc
m

(p,k)ERY
A
s.t. k= F<T+p).
A p m

Noting that p cannot be extremal, we use the necessary condition for optimality,

(4.3)

that is, the first derivative of the objective function must be zero, to obtain that the

optimal subscription fee p satisfies the relation

()M er) e




CHAPTER 4. OPERATIONAL BENEFITS OF SUBSCRIPTION SERVICES 42

and the optimal capacity level is given by k = F (ﬂ ) We then have the following

D
A m

result.

Proposition 13. A sequence (py, k') is a nominal solution if y* — 0 and (p", %) —

(P, k).

4.1.2 Refining the nominal solution

We begin by defining the capacity imbalance in the system as the difference between

the number of servers and the offered load scaled by n. As derived earlier, this offered

load is nﬁ/\uF (%) Thus, for any sequence (p™, k™), the capacity imbalance is given
by
k™ A - &
=" F(TJFP). (4.5)
no A+p m

The following lemma presents a “decay” condition on the asymptotically optimal

imbalance.

Lemma 17. For any asymptotically optimal sequence (p™, k™), limsup,, . |0"v/n| <

Q.

We now focus on constructing an asymptotically optimal sequence (p™, k™) with
the associated equilibrium denial probability v”. Motivated by the above lemma,
we restrict our search to #™ such that lim,, .., 0"y/n = 6, where § € R. We choose
p" = p+¢" and k" = (k+ k™)n such that (p”, k", 6") satisfy (4.5) and ¢", k" — 0. In
fact we shall assume without loss of generality that ¢"\/n — ¢ and k"\/n — k. We

can rewrite (4.5) using the Taylor series expansion of F (%) about (%) to obtain

n_ﬂ T+]§ n n
Q—qu<m)+/€ + o(¢"), (4.6)
and hence
9_?f<r+p)+
1 m

We are now ready to asymptotically characterize the denial probability for our system.
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Proposition 14. For a sequence (p™, k™) such that 6 = lim,,_. 0™\/n ezists, ¥*\/n —
v given by

7:1/77;1;?%)h(‘lﬁf(%)(’““%lu} m;?%» (4.7)

Note that in the limit the denial probability solves a fixed point relation and is

a function of only the limiting capacity imbalance. In the following result, we show
that the profit is also a function of the capacity imbalance alone, and hence pricing

and capacity sizing are equivalent levers for the firm at the O(y/n) scale.

Proposition 15. For a sequence (p", k™) such that p" = p+ ¢", k" = (k+ x™)n and

0 = lim,,_o. 0™\/n ezists, the loss in profit function satisfies

n—~o0

. (., n 1.n — T+p —

lim II"(p", k™) = Oc + pf (Tp) (r +p)y/ A

Therefore, any (p™, k™) that has the same limiting imbalance 6 has the same asymptotic
loss in profit.

This result implies that the asymptotically optimal sequence is characterized by
the value of 6 that minimizes lim, .o II"(p", k"). Hence, the optimal asymptotic

capacity imbalance 6* solves

. . ({r+D _
min Oc+ pf (T) (r+p)y/A

s.t. (4.7).

cxmP(2E) the first order conditions im
(r+5) A+w)pf (ZE2) —(r+p) f( ZE2 ) e )7 e o

ply that the optimal denial probability and capacity imbalance are

— ﬂhz
T 4

mF
A

Denoting z = h'~!

0" =—=z

"E\
N——
|
~
VR
=3
3|+
]|
N—
=<
+
=
*

r+
+ p
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This optimality can be verified using the fact that A is a convex function (proved on
page 12 in Zeltyn and Mandelbaum (2005)).
We now characterize all asymptotically optimal sequences in the following theo-

rem.

Proposition 16. Any sequence (p + ¢™, (k + x™)n) for which %f (BB) 4 k™ =

m

% +o (ﬁ) is asymptotically optimal.

The equivalences of corrections in price and capacity levels suggests that the firm
could choose to keep one of the decisions at the nominal level and correct the other.
This is particularly useful if adjusting one of prices or capacity levels is difficult for
the firm. For example, in a DVD rental firm, one expects making changes to capacity
levels to be easier than changing prices. Hence, in this scenario the firm can set prices
at the nominal level and make corrections in the capacity level in accordance with
the equilibrium to achieve the asymptotically optimal solution. However, if changing
prices is easier than changing capacity, for example, in a car rental firm, then the firm

could do the opposite. This is summarized in the following result.

NG n ()

Corollary 2. The sequences (p, (k + e—n)n) and (p+ o _r ,k:n) are asymptoti-

cally optimal.

We now mimic the arguments of this section to solve the firm’s optimization
problem when offering a pay-per-use option. Readers may choose to skip this section

and jump directly to the comparison of the two options in Section 4.3.

4.2 The Pay-per-use Option

We now consider the scenario where the firm offers a pay-per-use option instead of
the subscription. Namely, customers now pay each time they use the service. We
model the pay-per-use customers by a Poisson process with a potential rate of A.
For comparability of this system with the subscription option having n potential
subscribers, we shall equate the nominal load in both systems. The nominal load is

defined as the number of products that will be in use in steady-state in the system
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when all customers join and the system has infinite capacity. For a subscription based
system, this can be computed to be nﬁ Hence, we shall set A = nﬁ’\u,u = nm.

As with the subscribers, the pay-per-use customers are sensitive to both the price
and the quality-of-service. In particular, the customers value each service at a random
value S, that is drawn from a distribution identical to that of the subscribers. We
further assume that these customers have a reservation value of $r, per service. When
the system manager sets a pay-per-use price of p, per use, each customer compares the
expected value obtained by joining the system which is the probability of obtaining
the product times the value derived from using the product, i.e., (1—7)(S, —p,), with
her reservation value r,. Note that we are making this comparison with r, and not
(1 —~)r,. The rationale for this is that each customer that joins the system, but does
not get the product upon request incurs some cost, and as a means of quantifying
this cost we prohibit the customers from deriving their reservation value upon denial.

Thus, the total arrival rate of such customers A is given as a function of the

pay-per-use price and the denial probability by
App, 7) = nmP (1 = 7)(Sp — pp) > 1)
= nmF (lr_—p7 + pp) .
The optimization problem of the system manager can be stated as
max _ pp(1 —7)A(pp,7) — kpc

(ppvkp)ERi

s.t. v= d(A(pp> 7)> kp)>

where d(A(pp,7), kp) is the denial probability as a function of the arrival rate of the
customers and the number of products. As in Section 4.1 we shall approximately
solve this problem in the large market regime. We shall let n grow without bound
and use the superscript n to make explicit the dependence of the various parameters
onn, i.e., py, ky, 7" and A(py,7") denote the pay-per-use fee, the capacity level, the

denial probability and the rate of arrival of the pay-per-use customers respectively.
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The optimization problem can then be written as

(pg,kg)éRi (py, ky) = p, (1L =~")A"(py, ") — K,

s.t. 7" = d(A"(py, "), k).

With this setup, we try to find a sequence of prices and number of products (py*, k,*)

that is optimal in the limiting regime as n — oo.

4.2.1 Nominal solution

We begin by solving the nominal problem for this system analogous to (4.3) given by

max mE(r, + —k,c
(pp,kp)eRipp ( P pp) P

s.t. ky, = F(r, +pp).

A
A+
It is easy to verify using the first order conditions that the nominal price p, satisfies

the relation

P+ = (B £) £0,+ 1) (19)

and the nominal capacity level k, = FAMF (rp +pp). We then have the following
result.

Proposition 17. A sequence (py, k) is a nominal solution if y" — 0 and (pg, %) —

(Bps Fp)-

4.2.2 Refining the nominal solution

As before, we define the capacity imbalance in the system as the difference between
the number of servers and the offered load in the absence of denials scaled by n. Thus,
for any sequence (py, k), the capacity imbalance is given by

N
A —MF(TP + ). (4.10)



CHAPTER 4. OPERATIONAL BENEFITS OF SUBSCRIPTION SERVICES 47

We now focus on constructing an asymptotically optimal sequence (p;‘, l{;;‘) with
the associated denial probability v*. An analog to Lemma 17 holds in this setting
as well which motivates us to restrict our search to " such that lim, .., 0"v/n = 0,
where 6 € R. We choose p; = p,+¢; and k}; = (l?:p—i-/i;‘)n such that (pp, k7, 0") satisfy
(4.10) and ¢}, Kk — 0. Further, we rewrite (4.10) using the Taylor series expansion

of F (ﬁﬂ’{n +p;f> about (1, + p,) to obtain

Ppm

0" P f(rp+pp) + 1y + ().

The asymptotic denial probability can now be characterized as follows.

Proposition 18. For a sequence (py, k') such that 0 = lim,, . 0™ \/n exists, y"\/n —
v given by

I . m I
R (ol LR AR SRt By st ey Py PRt
mE (r, + p,) PO PN mE (rp + py)
We now show that as in the case of the subscription option, the profit is a function
of the capacity imbalance alone, and hence pricing and capacity sizing are equivalent
levers for the firm at the O(y/n) scale.

Proposition 19. For a sequence (py, k) such that py = p,+ ¢y, k; = (k+ Ky )n and
0 = lim,, . 0™\/n exists, the loss in profit function satisfies

lim ﬂ"(p;j, k) = Oc+ (f (r+pp)ry + Fry + 5p)) mpyy.

n—oo

This result implies that the asymptotically optimal sequence is characterized by
the value of # that minimizes lim,,_, ﬁ"(p;‘,kg). Hence, the optimal asymptotic
capacity imbalance * solves

min fc + (f (r +pp) rp + F(rp + Dp)) mpyy
s.t. (4.11).

As before we use the first order conditions to characterize the optimal solution. Hence,
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i = -1 _cF(rp+pp) : : s
denoting z = h <( F Py ey o\ ey T +ﬁp)>, the optimal denial probability

and capacity imbalance are given by

i
* = —_——————— h, z
! mFE (r, + pp) )

(4.12)

PO LT G 2O NG L Ui

1t 1t

We now characterize all asymptotically optimal sequences in the following result.

opm
“w

Proposition 20. Any sequence (p,+ ¢, (k,+r£2*)n) for which f(rp+pp) +ry =

% +o0 (ﬁ) 15 asymptotically optimal.

Having solved the firm’s optimization problem for both the subscription and the
pay-per-use options, we now turn our attention to their comparison. We will also

compare measures like social welfare and consumer surplus in these options.

4.3 Comparison

4.3.1 Quality-of-service: neither option dominates

Before comparing the profits in the two options, we address the issue as to whether it
is obvious that locking customers into subscription must be beneficial to the firm. We
compute the asymptotic quality-of-service levels (using Proposition 14 and Proposi-
tion 18) for both options at different capacity imbalance levels and compare them in
Figure 4.1. We set F(z) = e * for x > 0, r; = 1, = 0 (we shall henceforth use the
qualifying subscript s for terms pertaining to the subscription option in Section 4.1)
and A =5 and p = Z (so that m = 1) for these computations. The figure illustrates
that neither option dominates the other. In fact, at low capacity imbalance levels, the
pay-per-use option offers a higher quality-of-service, while the subscription option is
better at higher imbalance levels. Figure 4.1 can be explained loosely as follows. As
the number of subscribers that are On increases, the number of subscribers attempt-

ing decreases. Consequently, at high capacity levels, the denial probability seen by
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Scaled denial probability
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Capacity imbalance

Figure 4.1: Comparison of quality-of-service in the two options

the subscribers is smaller than that seen by the pay-per-use customer stream whose
attempt rate is independent of the state of the system. Arguing similarly, the denial
probability can be explained to be higher in the subscription option at low capacity

levels.

4.3.2 Firm’s profits: subscription option always dominates

We now focus on establishing that the firm’s profits are higher in the subscription
option. We will normalize ry = r, = 0 and m = 1 for convenience. It is worth making
a comment about the analysis for general reservation values. Note that r, is a rate,
while 7, is defined per usage. Hence, for these to be comparable we shall require that
Ts = Mry.

We shall first compare the nominal profits in the two options. Comparing the first
order conditions that characterize the nominal solution (4.4) and (4.9), we observe
that p; = mp, and ks = Ep. Further, the nominal profits are identical. Hence, we
shall compare the asymptotic loss in profit in the two options. Noting that h'~! is a
function that does not have a closed form, proving such a claim in complete generality

is quite difficult. Instead we prove this result for a specific demand function and will
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provide numerical results for a few others. Denoting the optimal capacity imbalances
in the subscription and pay-per-use options by ¢; and 6, respectively, we state the

primary result of this chapter.

Proposition 21. For the exponential demand function with F(z) = e~ ** for x > 0,
for any constant o > 0, the firm’s asymptotic loss in profit is higher in the pay-per-use

option. Further, the capacity imbalance is lower in the subscription option, 0°* < 6P*.

Noting that a linear combination of the corrections to the prices and capacity
constitutes the capacity imbalance, for a fixed capacity level, low capacity imbalances
imply lower prices. Hence, we observe that as firms can lock in subscribers, they have
effectively reduced their hedge against variability and can offer the same capacity

level at a lower price to obtain a higher profit.

Comparison of firm’s profits: numerical experiments

We now provide numerical results that demonstrate that the profits are higher when
the firm offers a subscription option for two demand functions: a linear demand

function and a Pareto demand function with constant price elasticity.

Linear demand. To obtain a linear demand function, we choose a uniform distri-
bution for the valuations, i.e., F(z) = x for 0 < z < 1. We numerically compute
the loss in profit for a large number of parameter values. In particular, we vary both
A and the cost per server ¢, while choosing ;1 so that m = 1. In each instance we
observed that the loss in profit as well as the capacity imbalance were lower in the
subscription option. As a specific example, Table 4.1 compares the optimal imbal-
ances and the loss in profits for the two options as the cost per server varies with
A = 2. We observe that the subscription option has a lower capacity imbalance and

realizes a lower loss in profit.

Iso-elastic demand. We choose a Pareto distribution for the valuations, namely,
F(x) =1— 272 for x > 1 which has a price elasticity of 2. Table 4.2 compares the

optimal imbalances and the loss in profits for the two options as A varies with the
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Subscription Pay-per-use
c 0 Loss in Profit 0, Loss in Profit
0.01 1.070 0.012 1.516 0.017
0.5 0.109 0.263 0.389 0.371
1.0 -0.704 0.298 -0.051 0.422
1.5 -2.766 0.202 -0.396 0.286

Table 4.1: Subscription versus pay-per-use: linear demand

Subscription Pay-per-use
A 0 Loss in Profit )  Loss in Profit
1.1 -0.658 2.400 0.913 2.517
2 -0.208 0.759 0.389 1.073
5 -0.104 0.379 0.308 0.848
10 -0.069 0.253 0.290 0.800

Table 4.2: Subscription versus pay-per-use: Pareto demand

cost per server set at ¢ = 1. We again choose p so that m = 1. We observe that the

subscription option has a lower capacity imbalance and realizes a lower loss in profit.

4.3.3 Comparison of consumer surplus and social welfare

We shall construct examples for the exponential demand function to show that the
consumer surplus and social welfare can be higher or lower in the subscription option
as compared to the pay-per-use option.

We shall begin by computing the consumer surplus and social welfare in the two
options. We shall normalize r; = r, = 0 and m = 1 as before and denote p = p; = p,,.

For a system with n subscribers, the consumer surplus can be written out as

csi—n [ Fp)d
_/({)n(w;)) (p)dp

=S (Va4 vaZ2p)
Q@ A

e~ P

a\/ﬁ'
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Similarly, we can write out the consumer surplus for the pay-per-use customers as

CSy =n(l- 7")/ F(p)dp
pn
e P e~ap

= —n—(Vney" + V") —/n.

«

Hence,
. os? . 0SSy emap
lim 5 — lim P _

n—oo n n—oo n [0

=CS.

As the firm’s profit can be completely characterized by the value of the capacity
imbalance 6, using Propositions 16 and 20 the firm can choose to set any value
of ¢I'*, 1 = s,p, and adjust the value of k™ to obtain the same profit. Hence,

denoting the loss in surplus (due to variability) from the nominal value as C/'Tgl =
lim,, o0 /70 <ﬁ _ s ), we see that the firm can decrease C/'Tgl in an unbounded

n

fashion by increasing ¢; arbitrarily. Hence, the customers obtain a higher consumer
surplus when the firm sets low prices. This result can be explained in a different
manner. Note that if the firm sets any particular price, it can adjust the capacity level
so that the capacity imbalance, and hence the quality-of-service remains unchanged.
Thus, reducing prices while maintaining the same quality-of-service increases the
consumer surplus. Nevertheless, we shall compare the consumer surplus at fixed
price levels. In addition, we shall compare the social welfare, which in this case is the
sum of the consumer surplus and the firm’s profits. Table 4.3 displays the losses in
consumer surplus and social welfare for different values of the parameter ¢ at fixed
A = 2, prices set at the nominal values, and o = 1. We observe that for low values
of ¢, the loss in these measures are lower in the subscription option, while this is
reversed for high values of c.

For completeness, we shall solve the firm’s profit maximization problem when it

offers both the subscription and pay-per-use options.
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Subscription Pay-per-use
¢ Lossin CS Lossin SW Lossin CS Loss in SW
0.1 0.012 0.097 0.016 0.136
1 0.172 0.611 0.163 0.783
5 0.647 1.123 0.261 0.935
10 0.530 0.735 0.125 0.415

Table 4.3: Comparison of consumer surplus and social welfare

4.4 Offering Both Subscription and Pay-per-use
Options

We now consider the scenario when the firm offers both the options and wishes to
maximize the profits. We shall assume the demand functions N(ps,~) and A(py, )
associated with the subscribers and the pay-per-use customers respectively. We shall
assume that the valuation of the pay-per-use customers is drawn from a distribution
G, which may be different from F', with density g. The optimization problem of the

system manager is

max  psN(ps,y) + pp(1 — 7)A(pp,7) — ke
(p37pp,k)€Ri

s.t. Y= d(N(p87 /7)7 A(p;m /7)7 k)’

where d(N(ps, ), A(pp,¥), k) is the denial probability as a function of the number of
subscribers, arrival rate of the pay-per-use customers, and the number of products.
As in Section 4.1 we shall approximately solve this problem in the large market
regime. We shall let n grow without bound and use the superscript n to make
explicit the dependence of the various parameters on n, i.e., pg, py k™, 7", N "(p ™)
and A(py,~") denote the subscription fee, pay-per-use fee, the capacity level, the
denial probability, the number of subscribers and the rate of arrival of the pay-per-
use customers respectively. The optimization problem can then be written as

max II"(py,pp, k") = ps N (p5,7") +py (1 —~4")A"(py,¥") — k"c

(P pp k) ERY

st. " =d(N"(p7,7"), A" (py, "), k™).
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With this setup, we try to find a sequence of prices, both subscription and pay-per-
use, and number of products, (py*, py*, k™), that is optimal in the limiting regime as

n — oQ.

4.4.1 Nominal solution

We begin by solving the nominal problem for this system analogous to (4.3) given by

_ 7‘3—|— B _
max  psF ( mp ) + ppymG (1, + pp) — ke

(ps,pp,k)ERY.

ot k= <F <T5 +p5) +G(rp+pp)) .

A m

It is easy to verify using the first order conditions that the optimal prices p;, p, satisfy

'R TS_'_ﬁS 1 — )\ TS_'_ﬁS
F = —(p— ,
() = o) (507)

G(ry +pp) = (ﬁp - —) 9(rp + Bp),

the equations

=0

and the optimal number of products k = F/\u (F’ (%) + G(r, + ﬁp)). We then have

the following result.

Proposition 22. A sequence (p},py, k™) is a nominal solution if
n n o.n k" =~ = 1.
Y _>O O/ﬂd p87pp7; - (pmp;mk)'
4.4.2 Refining the nominal solution

As before, we define the capacity imbalance in the system as the difference between
the number of servers and the offered load in the absence of denials scaled by n. Thus,

for any sequence (p, py, k™), the capacity imbalance is given by

k" A = e+ pt A =
"= — F 5 — ). 4.1
0 D ( m ) )\+uG(Tp+p”) (4.13)
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We now focus on constructing an asymptotically optimal sequence (p”, J k™) with
the associated denial probability v*. An analog to Lemma 17 holds in this setting
as well which motivates us to restrict our search to " such that lim, ., 0"v/n = 0,
where 6 € R. We choose p = p, + ¢F, py = pp + ¢, and k" = (k + k™)n such that
(p%, Dy, k™, 0") satisfy (4.13) and ¢7, ¢, k" — 0. Further, we rewrite (4.13) using the
Taylor series expansions of F (%pl) about (%) and G(r, + py) about 7, + P, to

obtain the following.

n __ )\ ¢? TS_I—pS n — n
0 _>\+u<mf< m )+¢pg(rp+pp))+f{.

The asymptotic denial probability can now be characterized as follows.

Proposition 23. For a sequence (py, pyy, k") such that 0 = lim,_., 0"/n exists, we

have

O+ (75225 ) (ro+s) 535+ 9(rp+5p) V7

h m

7 rstpbs _
mF( ST ) +mG(7‘p+ﬁp)
Atp K

\/mF(%) + mG (rp+pp)

V'V =y = (4.14)

Atp I

We now show that as in the case of the subscription and pay-per-use options, the
profit is a function of the capacity imbalance alone, and hence pricing and capacity

sizing are equivalent levers for the firm at the O(y/n) scale.

Proposition 24. For a sequence (p},py, k") such that pi = ps + &%, py = pp + ¢y,
k" = (k4 k™")n and 0 = lim,,_, 0"\/n exists, the loss in profit function satisfies

n—o0 A

: T/ o m LN TS_I_pS _ TS_‘_ﬁS N
lim II(py, py, k") = —cb — <( )ps < - ) +mg(ry, + Pp)DpTp
+mp,G(r, +pp>>v-

Hence, the asymptotically diffusion optimal sequence (p2*, Py k™) is characterized
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by the optimal capacity imbalance #* that solves the following problem.

. TS _l_ 75 — TS + 78 — — — —
min cf + (%psf ( P ) + mg(ry + Pp)Dprp + mppG (1) + pp)) v
m (4.15)

0eR

s.t (4.14).
We now characterize all asymptotically optimal sequences in the following result.

Proposition 25. Any sequence (ps + 7, b, + ¢7*, (k + £™*)n) for which

N (O (1D L e ] L 1
v ot () oaten e )+ = oo (75

is asymptotically optimal, where 8* is the solution to (4.15).

4.5 Discussion

This chapter provides a technique for computing prices and capacity levels that ap-
proximately maximize a large rental firm’s profit. This technique is used to charac-
terize the asymptotically optimal solution in a subscription and a pay-per-use envi-
ronment and it is shown that the firm’s profit is higher in the subscription setting.

We have only considered the special case of the subscriber’s retrial rate, i.e., v = A,
in this chapter. The general case is quite difficult to analyze, even asymptotically (see
Section 3.1). However, we can use numerical experiments to perform comparative
statics on the retrial rate. In particular, as Table 4.4 demonstrates, for a linear
demand function with r;, = 0 and cost per server ¢ = 1, increasing the retrial rate
leads to an increase in the firm’s profits. Although increasing the retrial rate increases
the denial probability, it also enables the subscribers to obtain service quicker, and
hence leads to higher valuations. It is this latter effect that dominates and allows the
firm to extract higher profits. An analytical analysis of this phenomenon is a topic
for future work.

In this chapter, we only discussed static pricing and capacity sizing. One can

envisage dynamic admission control as in Savin, Cohen, Gans and Katalan (2005)
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Retrial rate, v
0.1 1 2 4
-0.5 0.548 + 0.014 0.329 4+ 0.012 0.289 £+ 0.008 0.287 £ 0.013
6 0 0.594 + 0.014 0.388 +£ 0.010 0.340 £+ 0.006 0.318+ 0.004
0.5 0.686 & 0.011 0.566 £+ 0.003 0.544 £ 0.002 0.529 4 0.002

Table 4.4: Firm’s loss in profits on the O(y/n) scale with 95% confidence intervals for
general retrial rates

and dynamic pricing in the spirit of Maglaras (2003) and Celik and Maglaras (2005).
These are topics for future work.

As a concluding note, we would like to comment on the distributional assumptions
made in this chapter. Although, we have made Markovian assumptions, the steady-
state distribution of the number-in-system for the subscription option depends on the
distribution of On and Off times only through the means of these distributions, while
for the pay-per-use option, the steady-state distribution of the number-in-system
depends on the Poisson arrival assumption and the mean of the service time (see
Section 3.1.1). In Section 5.2, we shall show this insensitivity of the steady-state

distributions carries through to the denial probabilities.



Chapter 5

Some Numerical Results and
Future Work

In this chapter our goal is to raise a bunch of questions that we have not answered
theoretically and try to answer them using numerical experiments. Answering these
questions theoretically is left for future work. All our questions are based on the basic
subscriber model of Chapter 2.

The first questions is when can we use the limit theory developed in this thesis,
or in other words, how large should the system in question be so that the asymptotic
limits derived can be applied to give reasonable estimates for this system? We tackle
this question in Section 5.1, where we show that the asymptotic estimates are valid
even for fairly small systems.

The next question is about the distributional assumptions made in the thesis.
Though the process level convergences depends heavily on the Markovian assump-
tions, we have seen that for the special case when the Off and Hold states are indis-
tinguishable, the steady-state distribution depends only on the means of the distribu-
tions, and not on any other moments. This itself is not sufficient for the denial rates,
and in turn the denial probabilities, to possess a similar insensitivity. In Section 5.2,
we show that though the denial rate seems to depend only on the means of the dis-
tributions for the special case, this is not true for the general case when the Off and

Hold states are distinguishable.

58
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The third question that we raise is about the loss system model. As there might
be systems where a queueing model is more appropriate, can our results be applied
to these settings? We note that as the retrial rate increases without bound our loss
system approaches a queueing system. In fact in Section 5.3 we show that this gap
is bridged for fairly low retrial rates, leading us to believe that our analysis can be
used to estimate parameters of interest for a queueing system as well.

Finally, we question the Poisson process approximation for arriving customers.
One expects that when there are a large number of subscribers, each of whom have
an extremely large mean time in the Off state, the resulting attempt process should
look like a Poisson process. In Section 5.4, we use simulations to show that for such
systems, the subscriber model asymptotic results yield better approximations than

those using the Poisson assumption.

5.1 Rate of Convergence

In this thesis, we have seen convergences of processes and their invariant measures.
However, nothing has been mentioned as to how quickly this convergence is observed,
namely, how large (or how small) should n be for these asymptotic results to be
valid? We again use simulation to demonstrate that these asymptotic results are
valid for fairly small n values. To do so, we set v = A =1 and pu = 2. We vary n

from 10 to 1,000 and compute the denial rate scaled by y/n. We set the number of

A
At

The denial rates along with their 95% intervals are displayed in Table 5.1. For this

servers k" = |=-n] = [n/3] and the simulation run length to 10,000 time units.

choice of parameters, Proposition 6(a) yields that the scaled denial rate converges to
V2h(0) = 1.128.

Observe that for n = 10 the asymptotic approximation is about 9% away from
the true values, while for n = 100 this figure is about 3.5%, and it further reduces to
1% for n = 1000. This provides a basis for using the diffusion approximations even

when n is fairly small.
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Number of Subscribers, n
10 100 1000 00
1.030 £0.020 1.089 £0.014 1.116 £0.0155 1.128

Table 5.1: Scaled denial rates

On Time
cpy, =0 c, = 0.1 Cpy =1 c, = 10
c, =0 0£+0 0.739 £0.024 0.737£0.007 0.742 £0.075

Ooff ¢, =01 0.739£0.011 0.728 £0.132 0.740 £ 0.006 0.729 £ 0.070
Time ¢,=1 0.738£0.007 0.738+=0.007 0.739 £0.008 0.726 £ 0.054
¢ =10 0.755+£0.083 0.739£0.126 0.762+0.118 0.731 £0.139

Table 5.2: Denial rates for subscribers with general holding times

5.2 Relaxing Markovian Assumptions

We know that for the special case when the Hold and Off states are indistinguishable
for the subscribers, the steady-state distribution of the number-in-system process
depends only on the means of the On and Off time distributions. This is proved in
Cohen (1957) and can also be derived from Proposition 9 in Chapter 3. This result
immediately implies that the denial rate and the denial probability also depend only
on the means of these distributions when the On times are exponentially distributed.
We conjecture that this result holds for general On time distributions that have
densities as well, and we illustrate this via a simulation study.

We choose four different distributions with the coefficient of variant varying from
0 to 10. In each case we set the Hold and Off time distributions identical. We set
the mean Off time at 1 and On time at 0.5. The four distributions that we use for
the Off time are: (a) Deterministic, coefficient of variation (¢,)=0; (b) Erlang(n =
100,2), ¢, = 0.1; (¢) Exponential, ¢, = 1; and (d) Hyper-exponential: distributed
as Exponential(100) with probability p = 0.9902 and Exponential(0.009898) with
probability 1—p, ¢, = 10. The four distributions that we use for the On time are: (a)
Deterministic, ¢, = 0; (b) Erlang(n = 100, 2), ¢, = 0.1; (¢) Exponential, ¢, = 1; and
(d) Hyper-exponential: distributed as Exponential(100) with probability p = 0.9904
and Exponential(0.0196) with probability 1 — p, ¢, = 10.
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r=10 v =100 r=1000 Queue
10 8.033 £0.094 8.010 + 0.0622  7.998 + 0.06 8.000 £+ 0.015
n 100 20.838 £ 0.551 20.065 + 0.345 20.092 4+ 0.338 20.0213 4+ 0.129
1000 67.068 £ 1.092 64.236 + 1.078 63.922 £ 1.99  63.980 £ 0.455

Table 5.3: Using increasing retrial rates to model a queue

The length of the simulation is set at 100, 000 time units, which is sufficiently long
to observe the steady-state behavior. We run simulations for systems with n = 10
subscribers and 5 servers, and the denial rates for each case are reported in Table 5.2
along with 95% confidence intervals based on 20 independent simulation runs. We
can see that other than the completely deterministic case, where the On and Off
times line up so that there are no denied attempts, the denial rates obtained are

quite insensitive to the actual distribution.

5.3 Increasing Retrial Rates: A Queueing Limit

If the retrial rates increase in an unbounded fashion, we expect the system to begin
to behave more like a queueing system, where upon being denied service people wait
in a buffer instead of retrying. In fact, we can argue that in a system with retrial
rate v the denial rate, the rate at which customers are turned away or denied service,
can be written as 0"(v) = (n — K")AM™(Q7(t) = k™) + (v — ME[Q5 (1) Q7 (t) =
k"], where Q7 (t) and Q%(t) are the number of subscribers in service and waiting
to retry respectively, at time ¢, 7™ is the stationary measure and E.» refers to the

B ()

v

expectation with respect to the stationary measure. Hence, we obtain lim,,_, =
limy, o0 En [Q5]QF = k™|, which can be loosely argued to equal the expected queue
length in the queueing model. We verify this convergence via simulation. We set A\ =
1 = 2 and compute %(”) for different values of v and compare this with the expected
queue length estimates for the queueing model. We perform these experiments for
different values of n. The results displayed in Table 5.3 suggest the conjectured
convergence. In fact, even for small values of the retrial rate, the ratio of the denial

rate estimate to the retrial rate is quite close to the expected queue length estimate.
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5.4 The Subscriber Model versus the Poisson As-
sumption

The justification for a Poisson arrival model stems from the Palm-Khintchine theory
(see Heyman and Sobel (1982)) which implies that the superposition of many renewal
processes, each with rate diminishing to zero, results in a Poisson process. This
suggests that if for an infinite server system, the number of subscribers n grows
without bound, while the rate at which each subscriber attempts for a server A,
converges to 0 such that n\, — C, where C is a constant, then the arrival process
generated by the n subscribers converges to a Poisson process of rate C'.

It can be shown for a finite server loss system that if n), = O(n"), for some
0 < z < 1 and the number of servers k" = k;n” + kyn2, then denoting the number of

servers in use at time ¢ by Q" (t), we obtain the following asymptotic results.

Proposition 26. If n'=*)\, — C for some C > 0, 0 < x < 1, and %ﬁo) — q =
min (k‘l, %) a.s., then

(a) €4 g,

(b) Ifk;l = S and n=2(Q"(0) — k) = Q(0), then n~2(Q"(-) — k™) = Q(-), where

m
Q(t) is given by

N

t

Q) = Q) - 1 [ (Qle)+ ke + VETB() Y (1)

0

where B is a standard Brownian motion and Y (-) is the non-decreasing, non-

negative process such that f(f Q(u)dY (u) =0 for all t >0 and Y (0) = 0.

(¢) The denial rate converges as

lim n~2D™"(k") = \/uC h (-kg\/g) .

We now construct systems with large number of subscribers n, each with small
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n A Servers  Simulation  Subscriber Poisson
10 13.81 £0.10 15.24 15.51
1,000  0.032 15 6.51 £0.13 7.38 7.71
20 1.88 £0.06 2.07 2.30
30 15.08 £ 0.20 16.27 16.60
5,000 0.014 35 8.37 +0.20 9.13 9.44
40 3.60 +0.11 3.89 4.12

40 24.63 £ 0.22 26.05 26.39
10,000 0.01 50 10.18 £ 0.22 10.97 11.28

60 2.05+0.09 2.11 2.25
140 48.83 £ 0.51 50.41 50.80
100,000 0.0032 160 19.01 £ 0.38 19.86 20.19
170 291 £0.16 2.95 3.07

Table 5.4: Comparison of denial rate approximations

attempt rates A\, and the retrial rate v, = A\, and compare the asymptotic approxi-
mations of the denial rates suggested by the subscriber model and the Poisson model
to the true values, which we obtain via simulation. The results for p = 2 and A\, = ﬁ
are summarized in Table 5.4. The simulation results are presented along with 95%
confidence intervals. The Poisson approximations are made using x = 0.5. These
results demonstrate that the subscriber model provides a better approximation of
the denial rates. Thus, by modeling customers as subscribers, we can improve the

resolution of the performance measures without losing tractability.



Appendix A

Proofs of Results in Chapter 2

The main convergence results of this chapter, namely Propositions 1, 2, and 4 are
special cases of Theorem 1 of Chapter 3 and are omitted for brevity. Proposition 4(a)
and (b) are also proved, albeit in a different manner, in Theorem 4.1 in Srikant and
Whitt (1996).

Proof of Lemma 2. We associate N(-) with a standard Brownian motion B(-) such
that the strong approximation result in (1.1) of Lemma 1 holds, which suggests the

following.
a0 =2 [n-@renas+ 5 (3 [ - @)

+0 (log (2 v )\/Ot(n - Q"(s))ds)) .

Using Proposition 2(a) in addition to this relation implies

lim A"()

n—oo n

— m.7

and further, using the weak convergence result in Proposition 2(b), we obtain

n—oo n

lim v/n (An@ m-) = -\ /0.(62(5) + ky)ds + B (m-) .

64
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Proof of Proposition 6. We shall only prove (a) as the proof of (b) follows in an
identical fashion. Let us first obtain an expression for D"(k™). To do so, we write
Q"(t), t > 0, as follows

@0 =0+ (3 [(n-@renas) - (i [ @as) -y, (a
where
v = 80 (3 0= Qs ) =37 (3 [ tgrircann Q"o )

counts the number of denied attempts. Denoting the invariant distribution of Q™ by

n", we have

. (A Jo(n = @(s))ds) . (n ) % /Ot Q"(s)ds)

t—00 t

(A.2)
=A(n—E~Q"(0)),

where we use the fact that Q"(-) is a positive recurrent Markov chain on a finite

state-space, and hence ergodic. Similarly,

. N@ (fg ,uQ"(s)ds)

t—o0 t

= uE~Q"(0). (A.3)
Using (A.2) and (A.3) in (A.1), we obtain

Y7(t)

D"(k") = lim

t—oo

= An — (A + p)EmQ"(0).
Hence, D"(k")//n = —(\ 4 1)Ez(Q™(0) 4 ky). We now use Proposition 12 from
Section 3.3 that proves that Ez»Q"(0) — E~Q(0) to obtain

D" (k)
\/ﬁ

— —(A + W)E:(Q(0) + K2).
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Using Proposition 3 we can compute
A m A+
E+(Q0) = —ky — | —— h <—k;2 —“) ,

which implies that

Dt/(ng_)\/mh(_kZ M)
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Proofs of Results in Chapter 3

Proof of Lemma 3. For convenience we shall fix n > 0 and drop it from the notation.
We shall argue on the same lines as in Theorem 9.2 in Mandelbaum, Massey and
Reiman (1998). Let Q" = {Q"(t) : t > 0} for r = 0,1,..., where Q°(t) = Q(0) for
t >0 and for r > 0, Q" is given by

tAT"
@0 =00+ 5 ([ g sear @ )i

— N¢ (/OMTTM(@’””(U)) dU) (B.1)

tANTT™
v </O 12[6?71“71(“)‘*‘@;71(u)<k}VQ§_1(U) du) (17 07 _1)/
(0.0, ANF@L Q5 QAT

where the time for r events to occur 1" is given by

/

t
T" = inf {t : N¢ </0 I{QI1(U)+Q;1(u)<k})\(Qr_1(u))dU) e
t _ / ¢ .
+ Nd (/0 #(Qr_l(u))dU) e+ N" (/0 1{@;71(u)+Q£71(u)<k}VQg_l(U) du)

+AN(QTH Q1 Q57 )(1) = T},
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where e = (1,1,1)". Note that given Q"!, Q" is well defined for each 7.

To complete the proof, we only need to show
(a) Q"(t) = Q" 1(t) forall 0 <t < T
(b) lim, o T" = o0 a.s.

The solution to (3.1) @ can be constructed by setting
Qt)=Q '(t)forall 0 <t <T".

Uniqueness then follows by using induction on 7 and noting that (B.1) implies that
the uniqueness of Q" follows from uniqueness of Q" !.

Note that the second claim follows trivially as Q" is bounded. We prove the first
claim using induction on 7. The case r = 1 holds trivially as Q'(¢) = Q°(t) = Q(0)
for t < T*. Now assume that Q"(¢) = Q" *(¢) for all 0 < ¢t < T" for some r € N, then

tATT" tATT
a 2 r—1
N </0 Ligpw+apw<nMQ (1)) Ligrtwy+agtw<n M@ (u ))dU)

tANTT tAT™
V([ w@w ) Nd( @)
t/\TT 0 t/\TT
NT (/O 1{Q7( )+Qr <k:}VQ3 ) ( 1{Q7 1(u +Q£ l(u <k}VQ ( )du),

ANT(Q1, Q3. Q3)(t AT") = ANT(Q1, @y, Q57 )(tATY)

o\o\c\

for 0 <t < T", which implies that Q"*(t) = Q" (¢) for 0 < ¢t < T".
For T" <t < T"+!,

TT
- (/ol{@I1<u>+@gl<u><k}A(Q§‘1(u)) du)

v(f (@) w) = (| @ w) )= ( | Q@ w) ).
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Similarly,

t tAT"
JVT<]@{QH@+Qﬂm<kﬂ4ZKU)dU):ZJVT<]/ 1ﬂxwm+@£1wymﬂ“9§4(U)dU),
ANT(QF, Q5. Q) (1) = ANT(Q, Q51 @5 )(EATT)

Hence, Q" (t) = Q"(t) = Q"(T") for T" <t < T"*!. Therefore, Q"*(t) = Q" (t) for
0 <t < T and the inductive hypothesis holds. m

Proof of Lemma 4( a). We shall prove the result for the case k; = m + ’\1 ; the proof

for the case k; > - +u ﬁ follows in a similar fashion.

Using Lemma 7 and the fact that g(-) = 0) and k; =

(/\+u 2, /\+u+ , we obtain

<q"<0>—q<o>>+(o, %w) (11,00 sup (X2(s) + X3(s) — (@(0) + B(0)*

0<s<t
/

Fault) + ) + ([ (O (@) — ) + (v — A () 0, 0)
(0.0 [ (@0~ ).~ [ tqé?(U)dU)
< (1)~ a(t)

< (¢"(0) — q(0)) + (o, 2 o) (0,0,1) sup (X2(s) + X3(s) — (@(0) + @)(0))*

0<s<t

Fan(t) + 6u() + ( [0+ 0@ =) + @ -V 0)

T (o,u / (o) — g3 ), —v / t q;z<u>du)'.

This suggests the following relation.

/

t
A2
q" —qll: <lq"(0) — q(0)] + max(A + p, v, | — A / q" — q ||udu + —=t
I le < 1¢"(0) — q(0)] (A +p, v, | |)O|| I NG

Hla™ e+ 1o e+ 20 X™ =g |l
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t
A
§3(|q"(0)—q(0)|+max(A+u,u,|y—A|)/ 1" —  |ludu + 22t
0 VLD

1 a fl 6% 1)

Using Gronwall’s Lemma we obtain

A
I =l < (') - g0+ 227+ o I+ ) 7, (B2)

where D is a constant. We will now show that || o™ ||r, || 0" ||z — 0, which will
complete the result. We will first show that || M*™ ||z — 0 a.s. Now as ¢ > 0 for
1 =1,2,3, the following holds for i =1, 2:

| ( / 1{Q?(u)+%’(u)<k”})‘"(Q"(U))du) e < || N2 (Cne) |1z

for some constant C' > 0. Using the Functional Law of Large Numbers, we obtain
| LN#(n-) || — 0 a.s, which implies that || LN (Cn-) ||+ — 0 a.s. Hence, || 6" ||z —

0 a.s. Similarly as ¢' are bounded above,

| N¢ </ 1{@?(u>+@;(u)<kn}u(Q"(U))dU) |7 — 0, as., and
0

| N </ Lap @+ (w<inpr@s (u) dU) |7 — 0, a.s.
0

Hence, || a" ||r — 0 a.s. m

Proof of Lemma 4(b). We use Lemma 7 to obtain the following relation for ¢"(:) =
Q"().

n .

R0 =)+ [ = O+ 0l + (v = Nag(s)ds + at()
0 (B.3)

t
- / (1= ()M + (7 = N () Loy sag o)y s
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B = ¢ 0) + / M — gl (s))ds + %t

t Ao
+a"t—/<)\+ )1 s)+qp (s)=rn}dS,
2() ; 1 \/7 {at (s)+a3 ( }

B0 = G(0) - / vl (s)ds + 82(1)
R (B.5)
+ /0 (1= a7 ()M + (v — N5 (8)) L 1gn (s)+q2 (s)=rn} d5.

where o™ and 6" are defined in (3.18) and (3.19) respectively.

Define ¢y = {fo Lign(s)+qp(s)=nmyds : t > 0} € Dg[0,00). Observe that y" is
uniformly Lipschitz, and hence absolutely continuous. Further, {y™(-)} is a family
of equicontinuous and point-wise bounded functions defined on a separable space.
Hence, using the Ascoli-Arzela theorem (see Corollary 7.41 in Royden (1988)), we
obtain the existence of a uniformly convergent subsequence. Let nj index the subse-
quence such that y™ — y. We shall now show that the sequence {¢"(-)} is Cauchy

in the uniform norm. Using (B.3-B.5) we obtain

g™ —q™ ||
t

<I| ¢ (0) — g (0) || + / | g™ — g™ llods + Aol L//TE — 15/l + || o™ — ™ ||
0

P L Y| / (1= @ (s))dy™ (s) — / (1= @ ())dy™ (s) |

0
=l 0 0) = [ ) e Nl
0
+ el Y™V =y Ve
t
< () = g (0) |+ [ q™ = 0" s+ Dl = 1/t + [ ™ = o™
0

8= e AL [ 0= D) = [ =Dy o)

0

Y / L= g ) (s) = [ (=g (6D ()
w=NI [ @ - [ @

I
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(v =Nl / y™(s _/ a5 (s)dy™ (s) lle + Al ™ —y™ |l
0
+ Al Y™ Ve =y [l
t
<[[ ¢"*(0) = ¢"(0) | +K/ g™ = q" [lsds + Xo[1/ /e = 1/ /it + || @™ — o™ ||,
0
t
+ [ 0" = 0™ [l + Kl/ g™ —q" [lsds + Ko y™ —y™ [|;
0
+ Al Y™ Ve =y e
< (Fg"™(0) = ¢"(0) [| +A2|L/v/mye — 1/ /rult + || & — ™ [y 4 || 6™ — 6™ ||,
K[ Y™ =y e Xell v Vi =y e,
where K, Kj, Ky and K3 are constants. As ¢"(0) is assumed to converge and the
fact that o™, 0" — 0 (as in Lemma 4(a)), we obtain that {¢"* ()} is Cauchy, and as
Dgs[0, 00) is complete, ¢"* — ¢ € Dgs[0, 00). Further, note that {y"} also describes a

family of measures defined on the Borel o-field on [0, 00). Using the bounded conver-

gence theorem, we can now argue the existence of a uniformly convergent subsequence

for

r={/ L= () + (v — N )y (s) £ > o}

Specifically,

L) = @)+ / A (A @ls) + (v — Na(s)lds — §(t)
Lt) = @O+ / A — pd(s)]ds — My(t)

Bt = B0)—v / Ga(s)ds + (1)
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Differentiating the above with respect to ¢ and using (B.6), we obtain

@) = A=QA+p)at) + @ —=Nat) — ((L=a)r+ (v —Ngt)y(t)
R(t) = M —pga(t) — My(t)
Bt) = —vgt)+ (1= q)A+ (v = N)gt)i(t).

If i (t) + q2(t) = ky for any ¢t > 0, then ¢1(t) + ¢2(t) < 0, which implies that

. pukey
t)y>1— — — > 0.
N T A CEPy G ESY
Hence, by the definition of y we obtain ¢(t) = 1— i (t))/\Jr’z]zl_/\)% GESY for ¢ such that

q1(t) + @(t) = k1. Hence, for g(0) = (0), we obtain g(0) = 0, which implies that
q(t) = q(0) for all ¢ > 0. As the limit is independent of the convergent subsequence,
we obtain ¢" — ¢. m.

Proof of Lemma 5. Using the Lipschitz continuity of the reflection map ®, and the
fact that the drift terms are linear, we obtain the existence of a unique strong solution
to (3.5-3.7) by applying Theorem 2.1 in Atar, Budhiraja and Dupuis (2001). =
Proof of Lemma 6. We shall first show that 7 must be the density of an invariant
distribution of X (-), and then prove that X(-) must have a unique invariant distri-
bution to complete the proof. Proceeding as in the proof of Theorem 1 in Heyman,
Lakshman and Neidhardt (1997), we observe that for 7 to be density corresponding
to an invariant distribution, the following balance relations must hold for any feasible

state (5%, 2%, 57, aP). If |5°| + jP <k,

]P
S 0 )+ 3 0 )

uelU =1
+ 3 AGI\ {ud, 2t — a7, aP)G () + Y R (U {ud, ot — ahe™, jP,a?) F ()
uej® ug*
jp
+ Y w2t P = La? — 2l NG (af) + 7 (50, 20, P + 1, aP)
=1

— A7 (j%, 2%, 3P, 2P) = 0,
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where et € RY with ef™ = 0 for k # m and €% = 1, and if |5°| + 57 = k,

jp
D 0w (2t 5P + Y 0 (5°, 20, 5, 2P)
uelU i=1
+ Z 7(5° \ {u}, 2 — zse™, 57, PG (x,) + Z 7(5°, x® — xye™t, jP, 2P F' ()
u€ys ugj*
jp
+ Zﬁ(js,xs,jp — 1,2 — 2le"AG (af) = 0.
i=1

(B.8)

Using the value of & from (3.13) and using the local balance equations that 7* and
7P satisfy, we see that (B.7) and (B.8) hold.

Now, all that is left is to prove the uniqueness. We shall switch to a discrete time
version of X to prove this result. To this effect, fix a sequence of time instants ¢,, such
that t, T co. Then {X, = X(t,) : n > 1} is an irreducible, discrete time Markov
chain with the same state space as X. As any invariant distribution for X is invariant
for X,,, the chain X,, must have at least one invariant distribution.This allows us to
conclude that X,, must have a unique invariant distribution (c.f. Proposition 10.1.1
and Theorem 10.0.1 in Meyn and Tweedie (1993)). This directly implies that X must

have a unique invariant distribution. m

Proof of Lemma 8. Using (3.26), we have for any process Z € Dgs[0,00), ®,(Z)(?)
Z(t)4 RY (t), where Y is a non-negative, non-decreasing process such that #/ RY () =

— SUPy<,<; (Z1(8) + Z2(s) — a)" . Using this representation of ®, we obtain

| 2(Z2") — u(Z?) |1

<\ Z'=Z%|r
max(m, \;) + "
Tt | A 270 - (B 2= ) )

<K|Z'=Z2"|r,

where the second inequality follows by noting that for any two real functions f,g

we have |supg<.<; f(5) — supgcs<; 9(5)| < supges< | f(s) — g(s)| and the fact that
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| Z3+ 22 — (Z1 + Z3) |Ir < 2|| Z' — Z? ||7. Hence, the mapping is Lipschitz contin-
uous with the constant K =1 + 2%";’?1). n

Proof of Lemma 9. We associate the independent unit rate Poisson processes Nf(-),
1=1,2, N]d(-), j =1,2, and N7(-) with a family of independent standard Brownian
motions B{(-), i = 1,2, BJ(-), j = 1,2, and B"(-) such that the strong approximation
result in (1.1) of Lemma 1 holds. In particular, there exist random variables X7 for

z €{a,d} and i = 1,2 and X", such that

[Ni(t) —t — B (1)l

X7 =su < 00,
' tzg log(2 Vv t)
and N .
"(t) —t — B'(t
XTESU.p| (*) ()|<oo,

>0 10g(2 V t)

Moreover, X7 and X" are i.i.d and have finite means. We can write

VB (1) = = (BE™ (1) — N (1)
1 ¢ ~ ~
= =51 (/0 Lign (wag (wy<rmy (1 — @ (u) — Q?(u)))\du)
Lo, ' AN\ L g An(,\+
+ —nB (/0 Ligp(u)+ag (wy<nmyV Q3 (u) du) - %Bl <MQ1(U) du)
+ Ln log(2 vV Knt)

t
/0 Lgp(y+ag (w<nmy (1 — q7' (1) — QQ(U))AdU>

Lign u)+ap (wy<wn} V03 (u)+du) — B* (g (u) T du)

+
%
VRS
\

0
1
+ —=log(2 Vv Knt),
NG 8( )
where K is a constant and B** for z € {a,d,r} is a family of independent standard
Brownian motions. The equality in distribution holds uniformly on compact sets and

is due to the self-similar nature of standard Brownian motion. Note the argument of
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the Brownian motion B*® can be rewritten as follows.
t t
/0 Liar (g wy<nny (1 — @1 (u) — @5 (u))Adu = /0 (1 —q'(u) — g5 (u)Adu
t
- /0 Ligp (wy+ag wy=sn} (1 — @' (u) — g5 (u)) Adu.

Lemma 4(a) implies that the first term converges to mt, while the second vanishes.
Thus,

B (/0 Lgp g (wy<nmy (1 — G (u) — CIQ(U))MU> — B™(m-).

Similarly, B*" ( [, Ligr (uw)+as (wy<xmiV@ (u)du) — 0 and B*" (ugi(u)tdu) — B**(m-).
Hence, ]\;[1" = W;. The convergence of MZ” for + = 2,3 follow similarly, which

completes the proof of (a). The proof of (b) follows in a similar manner. =

Proof of Lemma 10. Using the Lipschitz continuity of ®,», we have
Q™ . < K| Z"|:y 0<t<T,

where K is the Lipschitz constant derived in Lemma 8. Further, using the fact that

0 is Lipschitz continuous we obtain

t
12" [l <[l @*(0) | +K1/ 1 Q" lludu + Aot + || M™ l¢ + || v/nd™ |,
0
where K is a constant. Combining the above and using Gronwall’s Lemma we get
Q™ llr < (Il Q(0) + (K2, 0,0)" | +[| M™ ||z + || Vnd™ ||z + AT)eT,

where K, is another constant. Now as {Q**(0)}, {M"}, and {/nd"} converge weakly

the result follows. m

Proof of Lemma 11. Fix any T > 0. We shall first show that {Dj}} given by (3.38) is
tight in Dgs[0,T]. As 6 is Lipschitz continuous, (3.38) implies

1Dy(t) = Dg(s)| < (Cl Q™ |lr+ M)t —s), 0<s<t<T,
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for some C' > 0. Hence, using Lemma 10 we obtain the tightness of {Dj}. Then, as
Lemma 9 holds, we obtain the tightness of Z”. Finally, using (3.40) and the Lipschitz
continuity of @y, we establish the tightness of Q*" to complete the proof. m

Proof of Lemma 12. As Z" = Z*, using the continuous mapping theorem we obtain
Q™" = Q*. Thus,

)= [ O+ Qi) + )+ (= NQ3(0). s = n@3(0), ~r Qi)

Then, using Lemma 9, we obtain the desired result. m

Proof of Lemma 13. We shall assume Q"(0) = Q"(0) for all n for convenience. We

have
Q"(t)— Q™ (1) = Vn(X"(t) = X" (1) +v/n </0 R™"(u) dY™(u) — f%"(t)f/"(t)) - (B.9)

Consider the second term. As ¢"(-) — ¢, for every 0 < v € R3 small enough, there

exists n* € N such that for each n > n*,
—(m -+, M+ 72, —m+73) <R —(m—y1, A — 72, —m —73).

This implies the following.

— ((m+7)Y™(t) = mY™(t), (A1 +72) Y™ (t) = MY (1), (—=m + 33)Y"(t) + mY™(t))
< ( /0 R"(u) dY™ (u) — Jim(t)ff"(t))

—((m =) Y™ () = mY"(t), (A = 72)Y"(£) = MY"(F), (—=m — 73)Y"(¢)

IA

|| / R"(u) dY™(u) — R*(O)Y"() [1r

<m4+M+1n+r+y)||Y" - y” ’|T+m§iX%H Yy |7
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- - +
< C| - sup (X7(s) 4+ X3(s) — &™)" + sup (X{‘(s) + X2 (s) — /-f") |1
0<s<t 0<s<t
+ max | Y™ 17
<20 X" = X" |l + maxy|| Y Iz,
where C' = m+ A1 +71+72+73 and the last inequality follows by observing that for any

two real functions f, g we have |supg<,; f(s) — supg<,<; 9(s)| < sup,<; |f(s) —g(s)].

Using the above equation in (B.9) we obtain
1Q" = Q™ Ir < (2C + DIl V(X" = X) ||z +maxyl| VoY [lr.  (B.10)

Now consider the term /n(X™ — X™). Using the definition of X" and X" is (3.22)
and (3.27) respectively, we obtain

V(X - X = = / 0" (ng" (1)) — 07 (nd"(u)) du + v/ (a"(t) — G°(1))

+ /(8" (t) — 0"(t),

where A is a constant. Hence, using the definition of 8" we obtain
t
V(X" = X") Iz < /A I vVn(g"=q") lu dut]l vn(a™ —a") r+[ V(0" — 6" |r.
0
Now, using this equation with (B.10), we obtain
A~ T A~
Vr(@Q" — Q™) [lr <(2C + 1)A/II\/5(Q" = Q™) ludu+ 2C + D|lvn(a" = a") ||
0
+2C + DIl V(8" =) |l + max il VaY™ .
Now using Gronwall’s Lemma we obtain

IVA(@Q" = @) llr < Ci (VA" = &)l + IVA(6" = ") Il

i (B.11)
o+ e /Y 7 ) e,
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where (4, Cy are constants.
The following holds.

n ~n 1 a,n “ra,n 1 n Crd,n
| Vn(a™ —a") [lr <] %(M’ = M*") [l + || %(Md’ — M) ||

As in Lemma 9, we associate the independent unit rate Poisson processes N{(-),
i=1,2, N/(-), j = 1,2, and N"(-) with a family of independent standard Brownian
motions B{(-), 7 = 1,2, BY(-), j = 1,2, and B"(-) such that the strong approximation
result in (1.1) of Lemma 1 holds. Then, using (1.1) we obtain

T = 21 (0) = =8 ([ iapmazoran Q)

1 t
- B </ Lgp gy (Q" (1) d )

1 T t n
+ %B </0 1{@’;(u)+Q3(u)<kn}VQ3(U)+du)

1 T ! n
Vi < /O 1{@?<u>+@s<u><w}VQs(u>+d“)

+ %O(log@ vV Knt)),

where K > 0 is some constant. This implies that the following holds.

3

(M“"() M (1))

/1{q T (u)+gh (u)<km}

0

[i A“(nq ) )
{@F(w)+ag (w<s}— =

0

[

du
Liqr (u)+qp (wy<wn}Vq3 (U +du) BM( 1{q1()+qg(u)<nn}l/qg(“)+d“)

O(log(2 Vv Bnt))),

() )

_l’_
%\H

(B.12)
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where B** and B*" are independent standard Brownian motions, and the equality in
distribution holds uniformly on compact sets and is due to the self-similar nature of

standard Brownian motion. Now,

MO ), [0 0,

n n

t
At (ng™(u))
- /0 Lgp (w)+g5 (y=pmy —————du.

t
/0 Lign (u)+q (w)<m

n

Thus, using Lemma 4(a), we obtain

Mdu — Ai(q(0))t.

t
/0 Ligp (w)+a3 (u)<nn}

Similarly,

! AT (ng" (u)) _
/0 1{@{’(u)+6§(u)<&”}1Tdu — M (q(0))t.

Then using the uniform continuity of B** on the compact set [0, (A +v)T] in (B.12),

we obtain
a At (ng" (1)) wa [ AT (ng" (u))
HB (/1{q?(u)+q;(u)<m}17 du ) — B /1{51'{’(u)+fjg(u)<;.;n}17 du ||T
0 n 0 "
— 0.
Similarly,

| B*" </l{q;L(u)Jrq;(u)qn}l/q;f(U)eru) _ B* </1{q¥(u)+63(u)<n"}l/€]§‘(u)+du)||T 0.
0 0

and thus .
| %(Mfm — M{") ||z = 0.

Continuing in a similar manner we can show that

1 .
— (M — M =0, 1 =2,3.
| (M = B =0, 0 =2
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Similarly, we obtain || ﬁ(MZd” — M*™) |r = 0, i=1,2,3. Hence,

1 n ~n
| =" =@ =0,
A similar argument shows that || v/n(0" — ") ||z = 0. Proposition 10 establishes the

weak convergence of Q*", which ensures that || /nY” ||r has a weak limit. Then,

using these results in (B.11) and noting that + is arbitrary, we obtain

1Q" = Q™ |z = 0.

Proof of Lemma 14. The proof follows directly using the following result along with
Definition 1.

Lemma 18. There exist constants ty,co > 0 that are independent of n such that for

all sufficiently large n

sup {E[e'|g" (to)l1g"(0) = 2] = €'[2[} < —v/n.

{zER2X R :€'|z|>co/n}

In addition, there exists By > 0 such that

limsup  sup E [exp(n”4Go(¢/[§"(to)| — ¢/|2)D)Iq"(0) = 2] <00, (B.13)

n—oo {zeR?xR 4}

and

lim sup sup B [(€/)q" (to)| — ¢/|2])? exp(n ™ fo(|g" (o)) — €'|21))["(0) = 2]

n—oo {z€S}
< 00,
(B.14)

where S = R% x R..
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Proof of Lemma 16. Corollary 1 proves that {7} is tight, and thus has a converging
subsequence. Note that the limit point of this convergent subsequence must be in-
variant for the limiting diffusion process Q() Hence, we have obtained the existence
of an invariant distribution for this diffusion process. Uniqueness then follows using
the argument in the proof of Lemma 6 that proves the uniqueness of the invariant
distribution for the process X (-). =

Proof of Lemma 18. We begin by defining a fluid trajectory ¢"(-) that starts at
¢"(0) and then obtaining bounds on the deviations of the process ¢" from this fluid

trajectory. Formally, ¢" is defined as follows.

(jn = Dyn (fn)

7 = (0) + / 6(q" (u)) du.

where @ is given by (3.21) and 0(z,y,2) = (—=(A + p)z — (A — v)z, —py, —vz).

satisfies the following ordinary differential equation:

da;
dt

dg;
dt

da;
dt

0 =10 - (20) -2

=A=(A+pa —(A—v)g,
:Al_MQSa

_ -n
- _Vq37

which is solved by

N - T VAL 23 oxD (—
a0 a0 - (B (<)
TR s (B.15)

15(t) = Ga(t) — — exp (—pt).

n z3
B (1) = = exp(—vt),
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if v # A+ p. For the case v = \ + p, the solution is given by

((z1 + ko

i tﬁ) exp (=0 + ), 2 exp (—ut), 2 exp(—vw) .
n n n

For the remainder of the proof, we shall assume v # A + . The case v = A\ + p can
be handled in an analogous manner.The following result will be useful in completing

the proof.
Lemma 19. The following results hold.

limsup  sup nIE[|| 7" —q" [[1]d"(0) = 2] < 00, (B.16)

n—00 zeRZxR4

lim sup sup B [exp(n o]l " — ¢" [})]d"(0) = 2| < o0, (B.17)

n—0o0 zeR2XR4

3 ~n n 1 -n n ~Nn
limsup sup nE ||| 7" = q" " exp(nt Aol " = ¢" 1)]d"(0) = 2| < o0 (B.18)

n—oo zeRZ xR

Using (B.16), we obtain the existence of a constant Cy > 0 such that
E [le'lg"(to)] — €'[n((0) — ¢"(to)) — (k2v/n, 0)'] [ |¢"(0) = 2]
< 2E ([ " = ¢" [l4¢"(0) = 2]

< Cyv/n.
Combining this with (B.15), we obtain that

E[€'|g"(to)] 14"(0) = 2] < Cav/n + [z1| exp(—(A + p)to) + | 22| exp(—pto)

1
+ R (exp(—(A + p)to) + eXp(—Vto)))

+ k2| v/n(1 — exp(=(A + p)to))
= ¢/[z] + Cav/n — 21| (1 — exp(—(A + p)to)) — |22](1 — exp(—puto))

il (1= (oxp-t0) + 1 (expl= O pta) + expl-vta) ) )

+ —
AN +pu—v
< ¢lz] + Cov/n — (1] + |22])(1 — exp(—puto))

il (1= (oxp(-t0) + 1 (expl(= O pta) + exp(-vta) ) )

_i_i
A +pu—v

+ 23 (exp(—l/to)
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where Cy = Cy+|ky| (1 —exp(—(A+pu)to)). Hence, choosing ¢y = % and ty such that
coexp(—pty) < 1 and ¢ (exp(—uto) + m (exp(—(A 4 p)to) + exp(—l/to))> <1
and noting that €|z| > ¢y\/n, we obtain

E[¢]¢"(to)] 18°(0) = 4 — ¢]2] < —v/a
To prove (B.13) and (B.14), note that for any § > 0 following relation holds.

n72B(e 1" (to)] — €'[2])* < n72B(¢]q" (to)] — €'In(@(0) — " (ko)) — (kzv/n,0,0)'|)F
+n723(e [n((to) — 7"(t)) — (k2v/n,0,0)'| — €|2])*
<2028 " — ¢" |liy + Blk2

)

(B.19)

as (B.15) implies (¢'|n(q(0) — 7" (to)) — (k2v/n, 0,0)'| — €'|2])" < |ks[v/n.

Use of Lemma 19 along with (B.19) completes the proof. =
Proof of Lemma 19. We will begin by demonstrating that (B.17) implies both (B.16)
and (B.18). To see this, for a fixed #; > 0, choose C' large enough so that exp(fz) >
22 > g for z > C. Replacing nz|| 7" — ¢" ||, by max(C,nz|| " — ¢" ||4,) to obtain
that (B.18) and (B.16) hold provided the following holds.

lim sup  sup B [exp (200 max(C,n? || " — " [l)) 137(0) = 2] < o0,

n—0o0 zeR2XR4

which holds if and only if (B.17) holds. Hence, we will focus on proving (B.17).

For ¢ =1, 2,3, we have the following

P (s exp (ontig!(0) = 2 (0)]) = uld"(0) = <)

0<t<tp

q"(0) = 2)

_p ( sup () — ()] > B-'n logu
0<t<tg

A !
< P (alta) 2 + )] 0" oy + ol 0" 1y 2 670 g

where the inequality follows by repeating the argument used to obtain (B.2) noting



APPENDIX B. PROOFS OF RESULTS IN CHAPTER 3 85

that €'q" < €'q, with a(ty), b(to), and c(to) being the analogs of the coefficients of %,
| @™ ||4, and || 6™ ||, in the analog of (B.2). We will now use the strong approximation
result to bound the terms || o™ ||;, and || 6" ||s,. First, define the independent and
identically distributed random variables X? = sup, W, for ¢ € {a,d} and
Jj=1,2,and X" = sup,., W. Lemma 1 ensures that EeX < oo for § small
enough, where X = X7, X"

Observe that the definition of @™ in (3.18), the fact ¢" < max(1, ¢’¢) and the strong
approximation result imply for a constant v > 0, || n2a™ ||y, <o S, (I Bo(y) ey +
I B lleo) + 1 B (v) llo + (i Xj + X7)1og(2 V ynte)/v/n and || n38™ |1, <
| B¢(y) lsy + 2X5 log(2 V ynty)/+/n, where Y <y Z if P(Y > a) < P(Z > a) for
a € R. This combined with the above relation suggests the following

P ( sup exp (5t (0) — a2 (0)) = uld"(0) = <)
g B~ ogu — )\ga(to))

< 5P ((b(to) + cto))|l BY(°) [leo = 10

4 5P ((b(to) +oc(to)) X > D18 “10_ Aaalt) log@@nto))

n
= (Y exp (—cl(ﬁ_l log u — ()2) + K exp (—9(5_1 logu — C)W) ,
where ¢ = A\a(ty) and Ki,Cq,c; are constants. The last relation holds using tail

bounds on the maximum of the Brownian motion and using Ee?X < oo for some
6 > 0. Now,

/ Ch exp (—Cl (ﬁ_l log u — €)2) du = / Czu—mﬁ*l(ﬁ*l logu—2c)du) < oo,
2

2

where Cs is a constant and the finiteness follows as for u > uy = exp (% +2¢ ﬂ),

the exponent of u in the above relation is less than —2. We also observe that

/OO K exp <—9(6‘1 logu — () Vn
ech

— _Jdu<
¢ log(2\/7nt0)> U=
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. This implies the following.

lim sup  sup E[sup exp(n%ﬂo@?(t)—qf<t>>+>\qn<o>=z]

n—00 zeR2XR4 0<t<to
<y [Tk 05 Moz — )—Y" Y dus o
€ ‘I’ 5 1 €XP ( (ﬁ Ogu Olog(Q\/vnto) U—l—

+ lim sup  sup / P ( sup (¢'(t) — (1)t > B 'nz log u|g"(0) = z) du
2

n—00 z€RZXR | 0<t<to

< 00,
and hence

lim sup sup B [exp(n? ol @ — a7 ) *)1"(0) = 2] < o0,

n—oo {z:e’2>0}

which concludes the proof of (B.17). m



Appendix C

Proofs of Results in Chapter 4

Before embarking on the proofs of the results in this chapter, we shall state and prove

some asymptotic results that will be quite useful.

C.1 Asymptotic Results

Consider a sequence of systems with the n'* system consisting of [an + b"y/n| > 0
subscribers, where a > 0 and " € R such that b — b. Let Q"(f) represent the
number of servers in use at time ¢ in the system when there are n subscribers, i.e.,
Q"(t) = Zz[i"lern‘/m 1{Subseriber i is on at time ¢}- Ve consider capacity levels of the form
k" = kn+k"\/n for some k € R, and k" € R such that 5" — k. Define ¢"(-) = <,

n

the centered and scaled process
Q) =

and ¢(-) = min </§, ﬁa). We then have the following asymptotic results for this

system.

Lemma 20. If ¢"(0) — ¢(0) a.s., then

(a) " — q.

87
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(b) If k= ﬁa and Q™(0) = Q(0), then Q" = Q, where Q(-) is a reflected affine-

drift diffusion process with an upper reflecting barrier at 0. That is,

~

Q=20 -0+ | t (@<s> frm ) ds 1 /am B(t) ~ Y (1),

—
A+

where B 1s a standard Brownian motion and Y 1is the non-negative, non de-

creasing process such that [} Q(u)dY (u) = 0, ¥t > 0 and Y (0) = 0.

(¢) The invariant distribution of Q"(-), 7" — #, where & is the unique invariant

distribution of the diffusion process Q. Further, Eﬁn@n(()) — EﬁQ(O).

(d) The density corresponding to 7t is given by

1 A 2
exp <—%()\ ‘I‘M) (l’ + K — mb) )

B 0 1 A 2\’
Joexp | =5 (A4 1) <Z+I€—mb>

z < 0.

Proof. Perform a change in parameter with ¢ = an+0by/n. We now have a system with
¢ subscribers and k! = %E + %\/@ servers. (Note that k° is only approximately
equal to k™, but the difference is asymptotically negligible at the diffusion scale.) We
can now derive the asymptotic limits using Proposition 2 in Section 2.1. These limits,
when scaled appropriately, give us the limits in (a) and (b). The convergence results
in (c) follow from Theorem 1(b) in Section 3.1 and Proposition 12 in Section 3.3

respectively. Proposition 1 in Ward and Glynn (2003) gives us (d). m

Suppose instead of the subscribers, there is an exogenous stream of customers
that arrive according to a Poisson process with rate A\, = A\in + A\jy/n, where A; > 0
and A5 € R such that \j — Xo. Let Q(-) € Dg[0,00) be the process that denotes
the number of servers in use by the exogenous customers. Define ¢"(:) and Q" as
before and ¢(-) = min (l;:, %) We then have the following asymptotic results for this

system.

Lemma 21. If ¢*(0) — ¢(0) a.s., then
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(a) ¢" — q.

(b) Ifk = A—ul and Q™(0) = Q(0), then Q" = Q, where Q(-) is a reflected affine-drift

diffusion process with an upper reflecting barrier at 0. That is,

~

Q(?)

Q(0) + Aot — 1 /(Q ) + k)ds + /2M\ B(t)

where B is a standard Brownian motion and Y s the non-negative, non de-
creasing process such that fot Q(u)dY (u) =0, Vt > 0 and Y (0) = 0.

(¢) The invariant distribution of Q™(+), 7" — #, where & is the unique invariant
distribution of the diffusion process Q. Further, EﬁnQ"(O) — IE;TQ(O).

(d) The density corresponding to T is given by

exp(—%%(:c—irm A:)2)
fi)ooexp< %%(zjtfz H))dz

This result can be derived from Proposition 4 in Section 2.2 just as Lemma 20 is

, ¢ <0.

pr) =

derived from Proposition 2.
Suppose now we have a system with both subscribers and the exogenous stream

of customers. Let Q(-) € Dgz2[0,00) be the process that denotes the number of servers

in use by the subscribers and the exogenous customers. Define ¢" = @ ,Qn = Qn—\}kn,
and g(-) = ( Aiua ) We then have the following asymptotic results for this system

that can be derived from Propositions 7 and 8 in Section 3.1.1.
Lemma 22. Ifk = —a + ’\1 and q"(0) — ¢(0) a.s., then

(a) " — q.
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(b) If Q*(0) = Q(0), then Q" = Q, where Q(-) is given by

N

01(t) = 01(0) — (A + 1) / (@1<s> T ﬁb) ds+v/2am By (1) —am (1),
Q2(t) = Qz(o) + Aot — M/O Qg(s)ds + mB2(t) — MY (1),

where By and By are two independent standard Brownian motions and Y is the
non-negative, non-decreasing process such that fg(@l(u) + Qo(w))dY (u) = 0,
YVt >0 and Y (0) = 0.

(¢) The invariant distribution of Q™(-), 7" — #, where & is the unique invariant
distribution of the diffusion process Q. Further, Eﬁn@?(o) — Eﬁ@i(o) fori =
1,2.

(d) The density corresponding to T is given by

2
) Y
exp (-é ((Hmbk/(af\;u)) (A+u)+(y # ) “))
if v +y <0,

1
p(x = 0 Gt r—bX/ (At ) — o/ m)2 )
p( 7 y) Joe OXp(_ 2(GM/(A+u§L+A1?u;l )dz

0, else.

Armed with Lemmas 20, 21, and 22, we are now ready to prove the results of

Chapter 4.

C.2 Proofs of Results in Section 4.1

Let 7 denote the invariant distribution of @"(-). We shall now state and prove the

following result that will be useful in proving the results of this section.
Lemma 23. For a sequence (p™, k™) with associated denial probability ™, we have

n_ AN"(P" ") — (A + p)EmQ(0)
A (N (p,4™) — EzQ™(0))




APPENDIX C. PROOFS OF RESULTS IN CHAPTER 4 91

Proof. We can write Q™(t), for any ¢t > 0, as follows

@0 =@ o+a (3 [ W @ enas) -0 (i [ @) v, as

(C.1)

where A(-) and D(-) are two independent Poisson processes with unit rate, and

V() =AM fH(N"(p", ") — Q™(s)) ds) —A (X [o1iqr(s)<kny (N (" 7™) — Q™ (s)) ds)

counts the number of denied attempts. Note that

- A (A Jo (N (p™, ™) = Q"(s)) ds)

t—00 t

= AN"(p",7") — A hm / Q" (s (C.2)
= A (Nn(p Y ) EW”Q

Similarly, we get

D JQ"(s)ds
lim <M ) — UE.Q™(0). (C.3)

t—o0 t

Using (C.2) and (C.3) in (C.1), we obtain

Y (#)

lim = AN"(p",7") — (A + ) E~Q"(0).

t—o00
Thus, using (4.1) we obtain
Y (1)
(A Jy (N2, 9m) = @n(s)) dis )

") = A+ wE~Q"(0)
"(p ") = EmQn(0))

~" = lim
t—>ooA
(p
A

)\N”

which proves the claim. m

The following result provides a justification of the demand function in (4.2).

Lemma 24. For a system with n subscribers and v = X\, the mean time between

successful attempts to obtain a product in steady-state for a subscriber is ﬁ + i

Proof. For convenience we shall drop the superscript n. The mean time between

successful attempts to obtain a product in steady-state for a subscriber can be written
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as
. t

lim -

t—oo No. of successful attempts per subscriber by ¢
i No. of attempts by ¢ t

=1
t—oo No. of successful attempts by ¢ No. of attempts per subscriber by ¢ (C.4)

1 1

(1—7))\(1_%@»’

where we use the definition of v given in (4.1) and the arguments in Lemma 23 to

arrive at this relation. Lemma 23 also implies that

_ = (A + nELQ(0)
An —E,Q(0)

(C.5)

Writing E,.Q(0) in terms of v in (C.5) and substituting this in (C.4) gives us the

desired result. =

Proof of Proposition 13. Consider any sequence (p", k™). Choose a subsequence n'’

such that 4" — 4, p* — p, and k"' /n/ — k as n’ — oo. For this scenario,

IM1Eﬂg;ﬁizﬁF<<X(L——+l)&+ﬁ0—J@

Mo 1-9)  n
AF((ﬁﬁ)(wﬁ))—(Aw)/}

ME((ry+3) (r+9) <k)
Consider the following optimization problem

_ 1 1
max pF<<7+—) r+p)—kc
(p.k)ERZ AML—=7) ( )

s.t.

where using Lemma 23, 7 =

(C.6)
AF(G&$+&>w+m>—Q+um

EIG(E=ERITED

We will show that the above problem is maximized at (p, k) and has v = 0, which

proves the claim.
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Fix the number of servers at k, and denote F <<ﬁ + i) (r +p)) by z. Using

the definition of v, we obtain

i)

The optimization problem can thus be rewritten as

_ 1 1 1 1
o by <k: <7+—))—rk‘ <7+—>—k‘c.
2o P Tk P T r

It is easy to see that the above is maximized at v = 0, and hence (C.6) has the same
solution as (4.3), which is (p, k). m

We adapt the proof technique in Plambeck and Ward (2005) to prove the following
result.
Proof of Lemma 17. We shall prove that for any (p", k") and the associated ~" if
limsup,, . [v/n0"| = oo, then limsup,,_,__ II"(p", k") = oo, and hence (p", k") cannot
be asymptotically optimal.

Given (p", k™) we can write

(e )
\/_< r+p)

/‘\

where the inequality follows from the fact that the second term in (a) is upper bounded
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by the solution to the problem

max pF (ﬂ) — ke
(p, k)€R2 m

s.t.
— F(T+p)+9",
A m

which is II — "¢ at p = p. We now divide the proof based on two cases.

Case 1: limsup,,_ . /10" = o0
Since 4™ > 0, this implies that the second term in the lower bound for II"(p™, k") in

(C.7) is non-negative. Hence,

I (p", k") > V/nb"c,
and hence limsup,,_,__ II"(p", k") = oo.
Case 2: liminf, ., /nf" = —oo
Consider a subsequence n’ such that lim, . vn'0" = —oco. Using (4.5), we split
each capacity imbalance 6" into corrections in prices and number of servers, i.e., set
p” =p+ ¢, and k" = (k + x™)n/, such that

0 = —f (”p) + 1"+ o(e™).

Using Lemma, 23, Taylor’s expansion, and the fact that Q™ (-) < (k + ™ )n’, we have

the following relation for n’ large enough

o' (F (E2) — f (22) 2 — S (58) (4 P At 0(6™) + ol )
77 -

"2 AN (p E,.. Q" (0))
O+ (25 (22) + f@")
A(N™ (p v",’ —E.»Q"(0)) (C.8)

_ e — f(5E) P+ + o)
mF (22) + O(1/n) ’
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where the second inequality follows as lim,y_..o p" = 5, lim,y_ oo k:"'/ n' =k, and

. ’ )\ — T‘i‘ﬁ
lim E_. Q" (0)/n = F ,
i @ O = 3 F (72)

which follows as %(0) < k + 1 for n’ large enough.

We can simplify (C.8) to obtain

Hnl, . 1 (mF (r +13) Ly (r +17) (r+p)+0(7",)/7"l+0(1/”))' (C.9)

A A+ m m

. . / . . . /
Since lim,/_,o V1/0" = —o0, the above implies lim,/_,., Vn/'y" = o0.

Using Taylor’s expansion in (C.7), and then using (C.9) we get

lim II" (p, k") > lim W(e”c+ (p+ ") f (T;p) (r+p)7"'/A+o(v”'))

n/—oo n/—oo

- i 7 (< (o6 (52) s () )

w1 (S22 64p) /A + O + o) + 0<1/n>)

® JER) 0 X Y.
/) 1 Iomn m _ _
<n/1310ﬁ7 ) P=xsn )\ Py )

where (b) follows by using (4.4). Again referring to (4.4), we must have (13 - A’}fﬂ) >

0. In addition noting that 7 > 0, we obtain lim,/_. II" (p", k") = oo, which implies

lim sup II"(p", k") = co.

n—~0o0

Proof of Proposition 14. We shall first compute the asymptotic denial probability
when the number of subscribers joining the system is independent of the denial prob-
ability. Once, we have this limit we shall incorporate the dependence to complete the

proof.
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Consider a sequence of systems with N™ = [an + b™/n] > 0 subscribers in the
n'" system, where a > 0 and b" € R such that 4" — b, and number of servers given
by k" = ﬁan + ky/n for some K € R. We can then characterize the asymptotic

scaled denial probability for this system as follows.

Lemma 25. The scaled denial probability converges as follows.

lim A"/ = Aﬂ*h(—(,@ A b) A+“>.

n—00 am a m am

We now let the number of subscribers in the n'* system be N™(p™,4™). To complete
the proof we need to establish that v"y/n converges. To see this convergence, note
that N"(p",~+") < N™(p™,0), and hence performing a birth-death chain analysis, we
obtain 4" = d(N™(p",y"), k™) < d(N™(p™,0), k™). A direct application of Lemma 25
allows us to conclude that d(N™(p™,0),k™)y/n converges as both ¢™y/n and k™\/n
converge. Hence, limsup,,_, . 7"v/n < co. Further, as the relation (4.7) must hold for

any convergent subsequence of 4"/n, the result follows. m

Proof of Lemma 25. Arguing as in Lemma 23, we can show that

AN™ — (A + ) B Q™(0)
A(N™ —EmQ"(0))

n

’}/:

Hence, using Lemma 20(c), we have

i - A

Hence, we have

lim v"v/n = >\+Mh<—(/{—Lb) >\+,u>.

n—00 am
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Proof of Proposition 15. We can express II"(p", k™) as

i1 (g o) )
= Vi (et (52 ) G4m0t ) + o1V ),

where the second equality follows by application of Taylor’s expansion and using (4.6).

Using 6 = lim,, ., 0"/n and Proposition 14, we obtain

lim ﬂ"(p", k") =6c+pf (%) (r+p)v/A\

n—oo

where ~y satisfies (4.7). m

C.3 Proofs of Results in Section 4.2

The key difference between the subscription option and the pay-per-use options is in
the computation of the denial probability. For the pay-per-use option, the following

analog of Lemma 23 holds.

Lemma 26. For a sequence (py, k™) with associated denial probability 4", we have

N A" (py,7") — pEQ"(0)
An(pr, ™) ’

Proof. We can write the number of customers using the product at time ¢, Q™(t), for

any t > 0, as follows
Q) = @0 + AW G5 - D (1 [ @'s) <70 s,

where A(-) and D(-) are two independent Poisson processes with unit rate, and
vy = AApr,Am):) — A(A"(PR.A") [ Ligr(s)<knyds) counts the number of de-
nied attempts. The result now follows by continuing as in the proof of Lemma 23.
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Using this result and Lemma 21, all other results in this section can be proved in

a manner similar to those in Section 4.1 and are omitted for brevity.

C.4 Proofs of Results in Section 4.4

For this system, the following analog of Lemma 23 holds.

Lemma 27. For a sequence (py, k™) with associated denial probability 4", we have

_ AN ")+ AP ") — A W)Er Q7 (0) — pErn Q5(0)
! AN™(pp, ") = Exn@Q1(0)) + A" (p,7") '

Using this result and Lemma 22, all other results in this section can be proved in

a manner similar to those in Section 4.1 and are omitted for brevity.

C.5 Proof of Proposition 21

The nominal solution is given by p, = p, = é + ﬁ = p. Using this we characterize
the optimal capacity imbalances 8 and denial probabilities v}, ¢ = s, p for the two

options. (4.8) implies that

— BT R h(z)

where z = —/(A + p)e? (9: + ae‘“’?ﬁ%) . Then using the fact that for a standard

normal distribution »/(z) = h*(x) — xh(zx), we can rewrite the optimality condition

on z, W'(z) = 292 in conjunction with (4.8) to obtain the following relation
1+ap\ _.; ac
*\ 2 ap S
e P4+ 0N = ,
(%) (/\+u) s T o
which implies
% dac(l+ap) ab
_9 + \/ (utac) (A-i—u)e P

= (A4 pe (C.10)

2(1 +ap)
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Performing a similar analysis for the pay-per-use option, we first observe that the

optimality conditions are identical, i.e., h'(z) = tac- Hence, equating the corre-

sponding z values for the two options, we obtain

(A + p)er (9 + ae” Pp—=— Ts ) —\/ e’ 0.

A+

Using the value of %, this can be simplified to obtain

. 1/(24ap\,. ap o dae(l + ap) oo
GP—VX(Q <1+ap) 93+2(1+ap)\/(98) +(,u+ac)()\+,u) )

Note that this implies 07 > 07 as A > 1. Further, we can derive an analog of (C.10)

to write out ~, in terms of 6} to obtain

e? dae _
a— _9* 9* 2 —ap
T 2 < p+\/( 5 +(,thtac),ue )’

which can be recast as a function of 8} alone. Hence, the denial probabilities and the

optimal capacity imbalance in the pay-per-use system can be written as a function
of #%. This enables to write out the difference in the loss of profits between the two

options as
PU0;) = 00+ 0 — (020 + 0B ().

The claim is equivalent to proving P(6%) > 0. Noting that computing the value

of 0% requires us to deal with the hazard rate function, instead we will prove that
P(0) > 0 for any 6 € R. Via algebraic manipulations we can show that P(0) > 0 and
P(#) = 0 has no real roots. This along with the continuity of P completes the proof.
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