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Preface

This thesis studies a monopolistic firm that offers reusable products, or a service,

to price and quality-of-service sensitive customers – a rental firm can be thought of

as the canonical example. Customers’ perception of quality is determined by their

likelihood of obtaining the product or service immediately upon request. We model

the rental firm as a loss system with multiple servers used by pay-per-use customers,

as well as by a pool of subscribers. Though a Poisson process is widely used to

model pay-per-use customers, it is inappropriate to model the subscribers, especially

as a non-negligible fraction of the subscriber pool could be renters at any time. We

propose a Markovian On-Off-Hold model of subscriber requests for the product. An

added benefit of the proposed request model is that retrials by subscribers denied

service are implicitly taken into account. We analyze the system when the load on

the system, and consequently, the number of servers are large. We obtain diffusion

approximations in this asymptotic regime, which we use to compute an estimate

for the corresponding invariant distribution. Though the limiting diffusion process

depends on the Markovian assumptions for the subscribers, the invariant distribution

is insensitive to the distributional assumptions, as long as the Off and Hold times are

distributed identically, though independently.

We then study the firms’ alternatives of offering either a subscription option or a

pay-per-use option from a profit-maximizing perspective. In a large market setting,

under the assumption of exponential demand, using the diffusion approximations

obtained earlier we show that using the subscription option is more profitable for the

firm. Further, via a numerical study, we show that this assumption is not essential

for the result to hold. However, we show that it is not necessarily true that the

iv



subscription option dominates the pay-per-use option on quality-of-service. The firm

is able to manage the trade-off between price and quality-of-service better in the

subscription option. Moreover, we show that the social welfare and the consumer

surplus can also be higher in the subscription option, indicating that both the firm

and the consumers can benefit from the subscription option.
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Chapter 1

Introduction

Many firms provide reusable products or services to customers who generate requests

for these products or services in some random fashion. Another source of variability

in this system is the duration of use of the product by the customer. A canonical

example is a rental firm. The firm cannot always accommodate all such requests

because the number of products stocked or the number of available servers is limited.

A measure of quality-of-service as seen by a customer in such a firm is the likelihood of

obtaining the product immediately upon request. In order to manage the variability

in the presence of capacity constraints, the firm needs to set the capacity level, i.e.,

the number of products stocked, and the price so as to optimally extract profit.

Access to such rental firms is typically of two kinds: subscription or pay-per-

use, with either option having an equal ease of implementation. For example, in the

case of DVD rentals, Netflix has emerged as a major player and it provides only a

subscription option. On the other hand, Blockbuster mostly provides a pay-per-use

option. Recently, with the introduction of Freedom Pass, Blockbuster has also made

a foray into the subscription option. Of course, one would expect a firm to do better

in face of competition by locking in customers via subscription. In this thesis, We

study subscription from a different angle. We study whether the firm is able to handle

the inherent variability in the system better if it offers a subscription option rather

than a pay-per-use option. That is, we study whether there is any operational benefit

to the firm of offering subscription.

1



CHAPTER 1. INTRODUCTION 2

These rental firms can be modeled as multi-server loss systems, where customer

requests that are not served on request are lost. The study of loss systems has a

long history going back to Erlang (Erlang (1917), Gross and Harris (1998)). Most

of these models assume Poisson, or at best renewal, arrival streams, independent of

the number of servers being utilized. While this assumption is justifiable for pay-

per-use customers, it is not appropriate for modeling subscribers. We build a model

that better describers the behavior of subscribers by associating each subscriber with

a Markov chain having three states: On, Off, and Hold. A subscriber spends an

exponentially distributed amount of time with mean 1
λ

in the Off state, after which

she requests for a server. If no servers are available she transits to the Hold state.

Otherwise a server is assigned to her and she transits to the On state. We do not

allow a server to be assigned to more than one subscriber at any time. In the Hold

state, she retries to obtain a server after an exponentially distributed amount of time

with mean 1
ν

until a server is available. Once a server is assigned to her, she transits

to the On state. In the On state, she uses the server for an exponenitally distributed

amount of time with mean 1
µ
, after which she releases the server and transits to the

Off state. All the times are independent and identically distributed and independent

of each other. Figure 1.1 illustrates the transitions, while a precise formulation using

Poisson processes is provided in (2.1-2.2). This subscriber model is related to the

classical Engset model (see Kleinrock (1975)) used in telecommunications. In fact,

for the special case in which the Hold and Off state are indistinguishable, i.e., when

the rates at which a subscriber tries to obtain a server from the Hold and Off states

are equal, the subscribers can be characterized by a two state Markov chain; this is

identical to the Engset model.

In this thesis, we consider a monopolistic firm serving price and quality sensitive

customers. The firm has the option of offering a subscription or a pay-per-use option.

We assume that subscribers pay a subscription fee per unit time, independent of the

usage, while the pay-per-use customers pay a price each time they use the product.

In each case, the firm statically sets price and capacity levels and observes demand

in response. The firm’s objective is to maximize the difference between the revenues

it obtains from the customers and the cost of maintaining the capacity. We assume
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λ

µ

ν
available

Off

Hold

On

If server available

If server not 

λ

µ

ν
available

Off

Hold

On

If server available

If server not 

n Subscribers k Servers

Figure 1.1: The system with n subscribers and k servers.

that the customer demand, that is, the number of subscribers joining the system or

the rate at which pay-per-use customers show up at the firm, depends on both the

prices the firm sets as well as the equilibrium likelihood of obtaining the product

immediately upon request. The reader can think of this equilibrium as having been

reached via repeated interactions with the customers, and hence this likelihood is

common knowledge in the market. Noting the difficulty of an exact analysis, we use

an asymptotic characterization to solve the firm’s profit maximization problem. The

natural asymptotic regime that we consider is one where the market for potential

customers is large. To this end, we asymptotically analyze the general rental system

with both subscribers and pay-per-use customers, who are modeled using a Poisson

arrival stream. This analysis encompasses both these individual systems and is also

of theoretical interest for its novelty. It also facilitates in quantifying the differences

between the subscriber model and that with a Poisson arrival stream.

We study the asymptotic behavior of this system as the number of subscribers n

grows without bound. We set the rate of the Poisson stream as λp = λ1n + λ2

√
n

and choose the number of servers to be of the form k = k1n + k2

√
n for some k1 and

k2, akin to Halfin and Whitt (1981). We shall see in the economic analysis that this

is indeed the right order of magnitude for the Poisson arrival rate and the number of
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servers if our aspiration is to get within O(
√

n) of the optimal profit. When k1 is set at

a level that corresponds to the nominal utilization of the system, we derive diffusion

limits for the underlying system. In particular, we prove that a scaled and centered

version of the number-in-system process converges to a reflected affine-drift diffusion

process. When k1 is set at a higher level, the limits obtained are similar to those for

the critically loaded case, except that asymptotically this system does not behave as

a loss system, i.e., the resulting diffusion is an affine-drift diffusion process without

reflection, and thus we do not treat this case in detail. (The asymptotic results for

this system are quite similar to those in Mandelbaum and Pats (1998).) The limits

obtained when k1 is lower than the critical level are uninformative, as well as trivial.

For the critically loaded case, we extend the process level convergence to steady-state

convergence by proving the convergence of the corresponding invariant distribution.

When the Off and Hold states are indistinguishable for the subscribers, we are able

to completely characterize the limiting invariant distribution as a truncated two-

dimension Gaussian distribution.

We use the asymptotic limits thus derived to perform a comparison between the

subscription and pay-per-use options. In comparing the two options, the first question

that one might ask is the following. Is it not true that locking customers into the

subscription option leads to a reduction in the inherent system variability, resulting

in higher quality-of-service at any choice of capacity or price? We show that this is

not true. In fact, neither of these options dominates the other in terms of quality-

of-service. This motivates us to compare profits in the two options. For the case of

exponential demand we prove that the subscription option is indeed better for the

firm. Through a numerical study we show that this result is robust with respect to

the choice of demand function. Although the subscription option does not necessarily

dominate the pay-per-use option on quality-of-service, the firm is able to manage

the trade-off between price and quality-of-service better in the subscription option.

Moreover, we show that the social welfare and the consumer surplus can also be

higher in the subscription option, indicating that both the firm and the consumers

can benefit from the subscription option. However this need not always be the case,

with the firm sometimes profiting from the subscription option at the customers’
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expense.

Organization. Chapter 2 develops the basic subscriber model and its asymptotic

limits, and then compares the subscriber model with an exogenous arrival model.

Chapter 3 contains the main theoretical results of this thesis. It provides the asymp-

totic limits for a general rental system that has subscribers and pay-per-use customers.

Chapter 4 uses the asymptotic results derived thus far to perform an economic anal-

ysis that demonstrates that the subscriptions option is operationally better than the

pay-per-use option for a firm. Finally, Chapter 5 discusses some points that are not

addressed in the rest of the thesis, and are worth not closing without.

1.1 Literature Review

The literature for limit theory of closed queueing systems is relatively small with

single server stations studied in Harrison and Williams (1996), and Kumar (2000).

Krichagina and Puhalskii (1997) and Kogan, Lipster and Smorodinskii (1986) study

queueing systems that allow stations to have state-dependent service rates, but in-

finite buffers. A very recent related paper is de Véricourt and Jennings (2005) that

develops limit theory for a multi-server queueing system serving a pool of subscribers.

This work models the system as a queue, where requests which are not accepted im-

mediately are queued. Using the probability of queueing as the relevant performance

metric, the authors use the limit to size capacity. Critically loaded loss systems with

customers arriving as a Poisson process are a subject of study in papers such as Hunt

and Kelly (1989), Reiman (1991), and Puhalskii and Reiman (1998).

In Chapter 4, we use the approach in Mendelson and Whang (1990) to build

a micro-economic framework around our service system and study optimal pricing

and capacity sizing at the system equilibrium. We characterize the system equilib-

rium as in Armony and Maglaras (2004) and Whitt (2003). These papers deal with

multi-server queueing systems with congestion sensitive demand but without eco-

nomic considerations and study the system equilibrium behavior using asymptotic

methods. Perhaps the most related to our work is a recent paper Maglaras and Zeevi
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(2003) that studies pricing and capacity selection in a multi-server queueing sys-

tem with Poisson arrivals. This paper uses the Halfin-Whitt (see Halfin and Whitt

(1981)) asymptotic results to develop estimates for congestion levels to compute op-

timal price levels. Another application of optimal pricing and capacity sizing in an

asymptotic regime is in Plambeck and Ward (2005), where the authors study static

pricing, capacity selection and dynamic scheduling using the traditional heavy traffic

assumptions in an assemble-to-order setting. Optimal capacity sizing under fixed,

exogenous demand is studied in Borst, Mandelbaum and Reiman (2004), where the

authors use asymptotic methods to compute the optimal staffing level in a call center

with the trade-off being between the agents’ cost and the quality of service provided.

Though we only deal with static pricing, work in Paschalidis and Tsitsiklis (2000)

and Gallego and van Ryzin (1994) suggests that this is not a major limitation. Pascha-

lidis and Tsitsiklis (2000) studies revenue management in the context of Internet ser-

vice provision using a Markov decision process framework where customers are only

assumed to be price sensitive. Although they focus on dynamic pricing, an important

conclusion of their study is that static pricing rules can achieve near optimal per-

formance. Gallego and van Ryzin (1994) derives a similar insight in the “classical”

context of selling a set of goods within a finite time horizon.

1.2 Mathematical Preliminaries

All the random quantities in this thesis are defined on a common probability space

(Ω,F , P). In this thesis, we shall consider stochastic processes that lie in DRm[0,∞),

the space of right continuous functions having left limits with values in R
m. Although

the norm used on this space is the Skorohod J1, we will restrict ourselves to the

uniform norm because all the limits we consider will have continuous sample paths

almost surely (a.s.). For X ∈ DRm[0,∞) and for T ≥ 0, we denote ‖ X ‖T ≡
supt≤T maxi=1,...,m |Xn

i (t)|. We shall use the convention that for any function f :

R+ → R+, ‖ X(f(·)) ‖T = supt≤T maxi=1,2,3 |Xi(f(t))|.
We shall say that for random elements of DRm [o,∞), (Xn, X), Xn → X if

‖ Xn − X ‖T → 0, a.s. for each T > 0. For a collection of probability measures
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Pn and P defined on (S,S), where S is a general metric space and S its Borel σ-field,

we say that Pn ⇒ P , i.e., Pn weakly converges to P , if and only if
∫

S
fdPn →

∫
S

fdP

for all bounded, continuous real-valued functions on S. Further, if Xn and X are

random variables defined on this space such that Pn and P are the distributions of

Xn and X respectively, then Pn ⇒ P is equivalent to Xn ⇒ X. Note that unless

stated otherwise, all convergence results in this thesis take place as the index n → ∞.

For any given stochastic process X ∈ DRm [0,∞) and any measurable function

f : R
m → R, Exf(X(t)) ≡ E[f(X(t))|X(0) = x], and if π denotes a probability

measure, then Eπf(X(t)) refers to the expectation of f(X(t)) conditioned on X(0)

being distributed according to π.

We use the following strong approximation result from Kurtz (1978), which follows

from Komlós, Major and Tusnady (1975), and will be used extensively in the proofs.

Lemma 1. (Kurtz (1978), Lemma 3.1) A standard (rate 1) Poisson process N(t)

can be realized on the same probability space as a standard Brownian motion B(t) in

such a way that the positive random variable X given by

X ≡ sup
t≥0

|N(t) − t − B(t)|
log(2 ∨ t)

(1.1)

satisfies EeθX < ∞, ∀θ > 0 sufficiently small. In particular, EX < ∞.

For any given Poisson process N , N̄ denotes its centered version, namely N̄(t) =

N(t) − t, t ≥ 0. Ci,j,k is the space of functions defined on R
3 that are i, j and k

times continuously differentiable with respect to the first, second and third argument

respectively. We use the convention that for a vector a ∈ R
n, ai represents its ith

component and a′ denotes its transpose. Finally, we say f(n) = O(g(n)) if there are

positive constants c and k, such that 0 ≤ f(n) ≤ cg(n) for all n ≥ k.



Chapter 2

The Subscriber Model

This chapter introduces the subscriber model and analyzes it asymptotically as the

number of subscribers grows without bound. We shall observe that the asymptotic

limits are as tractable as those of a system with exogenous arrivals according to a

Poisson stream, though quite different. Most of the results in this chapter are special

cases of results in the following chapter and are stated here largely for the reader to

get a feel for the asymptotic regime, as well as a sense of the differences in the two

models.

This chapter is organized as follows: Section 2.1 deals with the subscriber model

with general retrial rates, charactering the asymptotic limits, Section 2.2 focuses on

the exogenous arrival model, and finally Section 2.3 performs a comparison of both

the models. Appendix A contains the proofs of results in this chapter.

2.1 Subscriber Model with Retrials

We begin by introducing the subscriber model and carrying out the asymptotic anal-

ysis in the regime where the number of subscribers and the number of servers increase

without bound.

We consider a system with n subscribers and k servers, where a server cannot be

assigned to more than one subscriber at any time. Each subscriber has an underlying

continuous time Markov chain J(·), where J(t) ∈ {On, Off, Hold} for t ≥ 0. A

8
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subscriber spends an exponentially distributed amount of time with mean 1
λ

in the

Off state, after which she requests for a server. If no servers are available she transits

to the Hold state, otherwise a server is assigned to her and she transits to the On

state. In the Hold state, she retries to obtain a server after every exponentially

distributed amount of time with mean 1
ν

until a server is available. Once a server is

assigned to her, she transits to the On state. In the On state, she uses the server for

an exponenitally distributed amount of time with mean 1
µ
, after which she returns

the server and transits to the Off state. We assume that all the times are independent

and identically distributed and independent of each other.

This system is a special case of that discussed in Chapter 3, where in addition

to the subscribers, an external arrival stream of customers is also present. However,

the novelty of this subscriber model and the interesting nature of its diffusion limits

motivate us to present the asymptotic results for this special case before doing so for

the general system.

We shall begin by introducing some notation, let Qn ∈ DR2 [0,∞) such that Qn
1 (t)

and Qn
2 (t) represent the number of servers in use at time t and the number of sub-

scribers in the Hold state respectively, when there are a total of n subscribers, i.e.,

Qn
1 (t) =

∑n
i=1 1{Subscriber i in On state at t} and Qn

2 (t) =
∑n

i=1 1{Subscriber i in Hold state at t}.

A precise definition of our system is as follows 1:

Qn
1 (t) = Qn

1 (0) + Na

(∫ t

0

1{Qn
1 (u)<k}(n − Qn

1 (u) − Qn
2 (u))λdu

)

+ N r

(∫ t

0

1{Qn
1 (u)<k}νQn

2 (u)du

)
− Nd

(∫ t

0

µQn
1 (u)du

)
,

(2.1)

Qn
2 (t) = Qn

2 (0) + Na

(∫ t

0

(n − Qn
1 (u) − Qn

2 (u))λdu

)

− Na

(∫ t

0

1{Qn
1 (u)<k}(n − Qn

1 (u) − Qn
2 (u))λdu

)

− N r

(∫ t

0

1{Qn
1 (u)<k}νQn

2 (u)du

)
,

(2.2)

for t ≥ 0, where Na(·), Nd(·) and N r(·) are three independent, one-dimensional unit

rate Poisson processes.
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As we are interested in asymptotic results, we consider capacity levels of the form

kn = k1n + k2

√
n for some k1 ∈ R+ and k2 ∈ R. Define

m =
λµ

λ + µ

and the centered and scaled process

Q̂n(·) =
Qn(·) − (kn, 0)′√

n
≤ 0.

Further defining qn(·) = Qn(·)
n

and q̄(·) = (q̄1(·), q̄2(·))′ with q̄1(·) ≡ min
(
k1,

λ
λ+µ

)
and

q̄2(·) ≡ λ
λ+µ

− q̄1(·), we have the following asymptotic results for this system.

Proposition 1. If qn(0) → q̄(0) a.s., then

(a) qn → q̄.

(b) If k1 = λ
λ+µ

and Q̂n(0) ⇒ Q̂(0), then Q̂n ⇒ Q̂, where

Q̂1(t) = Q̂1(0) −
∫ t

0

(
(λ + µ)(Q̂1(u) + k2) + (λ − ν)Q̂2(u)

)
du

+
√

2mB(t) − Y (t)

(2.3)

Q̂2(t) = Q̂2(0) −
∫ t

0

νQ̂2(u)du + Y (t), (2.4)

where B is a standard Brownian motion and Y is the non-negative, non de-

creasing process such that
∫ t

0
Q̂1(u)dY (u) = 0, ∀t ≥ 0, and Y (0) = 0.

(c) The invariant distribution of Q̂n(·), π̂n ⇒ π̂, where π̂ is the unique invariant

distribution of the diffusion process given by (2.3-2.4).

This result is a special case of Lemma 4 and Theorem 1 in Section 3.1, and hence

its proof is omitted. All the asymptotic results in the thesis are structured in a

manner similar to Proposition 1. We first prove the fluid level convergence as in

(a), followed by weak convergence to diffusion limits as in (b). In doing so we first

establish that the equations describing the diffusion limit (2.3-2.4) have a unique
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strong solution. We also establish that the limiting diffusions have unique stationary

distributions and establish the convergence of the invariant distributions of Q̂n to the

invariant distribution of the limiting diffusions as in (c). Finally, where possible, we

characterize this limiting invariant distribution.

The diffusion process given by (2.3-2.4) is quite interesting. Note that there is a

single one-dimensional Brownian motion driving this diffusion and the only stochas-

ticity in the process Q̂2(·) arises through the local time of this Brownian motion at

the boundary. This process is fairly complicated, and it renders a further investiga-

tion into its invariant distribution futile. (The reader is directed to Section 3.1 page

21 for an illustration of the difficulties that arise in the computation of the invariant

distribution of this process.) However, we shall see that for the case ν = λ, where the

Off and Hold states are indistinguishable, we obtain a far more tractable process for

which we will be able to compute the invariant distribution.

2.1.1 Special case ν = λ

When ν = λ, the Off and Hold state are indistinguishable, which implies that we do

not need to keep track of the number of subscribers in the Hold state. This allows us

to focus on a one dimensional process Qn(·) ∈ DR[0,∞) that refers to the number of

servers in use by the subscribers. We obtain the following characterization of Qn(·).

Qn(t) = Qn(0) + Na

(∫ t

0

1{Qn(u)<kn}(n − Qn(u))λ du

)
− Nd

(∫ t

0

µQn(u) du

)
.

Defining q̄(·) = min
(
k1,

λ
λ+µ

)
, we have the following asymptotic results for this sys-

tem.

Proposition 2. If qn(0) → q̄(0) a.s., then

(a) qn → q̄.

(b) If k1 = λ
λ+µ

and Q̂n(0) ⇒ Q̂n(0), then Q̂n ⇒ Q̂, where Q̂(·) is a reflected
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affine-drift diffusion process with an upper reflecting barrier at 0. That is,

Q̂(t) = Q̂(0) − (λ + µ)

∫ t

0

(Q̂(t) + k2)dt +
√

2m B(t) − Y (t), (2.5)

where B is a standard Brownian motion, and Y is the non-negative, non-

decreasing process such that
∫ t

0
Q̂(u)dY (u) = 0, ∀t ≥ 0 and Y (0) = 0.

(c) The invariant distribution of Q̂n(·), π̂n → π̂, where π̂ is the unique invariant

distribution of the diffusion process given by (2.5).

The limiting invariant distribution can be characterized using Proposition 1 in

Ward and Glynn (2003) as follows.

Proposition 3. The density corresponding to the invariant distribution of the diffu-

sion process given by (2.5) is

p̂(x) =
exp

(
− 1

2m
(λ + µ)(x + k2)

2
)

∫ 0

−∞ exp
(
− 1

2m
(λ + µ)(z + k2)2

)
dz

, x ≤ 0.

At this point, we shall take a step back and try to better understand the differences

between the subscriber model and one in which the customers arrive exogenously ac-

cording to a Poisson process. To do so, we build a diffusion model for the system

with customers arriving according to a Poisson process and compare the “attempt”

processes, that is, the processes according to which customers attempt to obtain ser-

vice, and the denial rates, that is, the steady-state rate at which customers’ attempts

are denied, in the two systems.

2.2 Exogenous Arrival Model

We consider a system with a large number of customers that arrive according to a

Poisson process. If an arriving customer does not find an available server, she leaves

the system and is considered lost, otherwise she uses the server for an exponentially

distributed time interval, after which she leaves the system and does not return.

This is the standard M/M/k/k loss model. As we are interested in a comparison
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of this model with the subscriber model, we shall set the arrival rate of this Poisson

process such that the nominal loads are equal in the two systems. The nominal load

is defined as the number of servers that will be in use in steady-state in the system

when the system has infinite capacity. For a subscription based system, this can be

computed to be n λ
λ+µ

. Hence, we shall set the arrival rate of the Poisson process at

Λn = λ
λ+µ

µn + λ2

√
n = mn + λ2

√
n, where λ2 ∈ R.

As before we consider capacity levels of the form kn = k1n + k2

√
n and denote

the scaled process by qn(·), the centered and scaled process by Q̂n(·). Also, define

q̄(·) = min
(
k1,

λ
λ+µ

)
. We now obtain the following asymptotic results for this system.

Proposition 4. If qn(0) → q̄(0) a.s., then

(a) qn → q̄.

(b) If k1 = λ
λ+µ

and Q̂n(0) ⇒ Q̂(0), then Q̂n ⇒ Q̂, where Q̂(·) is a reflected affine

drift diffusion process such that

Q̂(t) = Q̂(0) + λ2t − µ

∫ t

0

(Q̂(s) + k2)ds +
√

2mB(t) − Y (t) (2.6)

where B is a standard Brownian motion, and Y is the non-negative, non-

decreasing process such that
∫ t

0
Q̂(u)dY (u) = 0, ∀t ≥ 0 and Y (0) = 0.

(c) The invariant distribution of Q̂n(·), π̂n → π̂, where π̂ is the unique invariant

distribution of the diffusion process given by (2.6).

The limiting invariant distribution can then be characterized using Proposition 1

in Ward and Glynn (2003) as follows.

Proposition 5. The density corresponding to the invariant distribution of the diffu-

sion process given by (2.6) is

p̂(x) =
exp

(
−1

2
(x+k2−λ2/µ)2µ

λ1

)

∫ 0

−∞ exp
(
−1

2
(z+k2−λ2/µ)2µ

λ1

)
dz

, x ≤ 0.



CHAPTER 2. THE SUBSCRIBER MODEL 14

We now perform a descriptive comparison of the two models. We shall compare

the asymptotic attempt processes and the denial rates in the two systems. If k1 = λ
λ+µ

,

then at the fluid scale the attempt processes and the denial rates in both systems are

identical, which motivates us to study whether these similarities exist at a finer level

as well.

2.3 Comparison of the Two Models

We shall now compare the attempt processes and the denial rates in the two systems.

For convenience, we shall set ν = λ for the subscriber model.

2.3.1 Comparison of attempt processes

The attempt process of the subscribers occurs according to a non-homogeneous Pois-

son process, i.e. the number of attempts until time t, An(t) = N(λ
∫ t

0
(n−Qn(s))ds),

with N(·) being a Poisson process with unit rate. We have the following asymptotic

characterization of the attempt process.

Lemma 2. If f k1 = λ
λ+µ

and Q̂n(0) ⇒ Q̂(0), then

√
n (An(·)/n − m·) ⇒ −λ

∫ ·

0

(Q̂(s) + k2)ds + B (m·) , (2.7)

where Q̂(·) is the reflected affine drift diffusion process given by (2.5).

Denoting the attempt process of the exogenous Poisson arrival process by Ãn(·),
we get an analog of the above lemma, i.e.

√
n
(
Ãn(·)/n − m·

)
⇒ B (m·). Comparing

this with (2.7), we observe that the attempt process in the proposed model is indeed

different from the Poisson arrival process at the diffusion scale, even though they are

identical at the fluid scale
(
limn→∞

‖An(·)−Ãn(·)‖T

n
= 0
)
. The state dependence of the

drift highlights the key difference in the two attempt processes and also indicates the

manner in which retrials are incorporated.
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Figure 2.1: Comparison of denial rates in the two models.

2.3.2 Comparison of the denial rates

To further illustrate the difference in these two systems, we compare the limiting

denial rates, or the steady-state rate at which customer attempts are denied. We

shall perform the comparison for the critically loaded case as the nominal loads in

both systems are equal for this case. Specifically, we set the number of servers in

each system at λ
λ+µ

n + k2

√
n and then vary k2. The denial rate as a function of the

number of servers, Dn(kn), can be asymptotically characterized as follows.

Proposition 6. (a) The denial rate for the system with subscribers converges as

lim
n→∞

Dn(kn)√
n

=
√

λµ h

(
−k2

√
λ + µ

m

)
.

(b) The denial rate for the system with exogenous arrivals converges as

lim
n→∞

Dn(kn)√
n

=
√

µm h

(
−
(

k2 −
λ2

µ

)√
µ

m

)
.

We shall now choose λ = µ = 2 for our computations and compare the limiting

denial rates. Figure 2.1 plots the limiting denial rates as a function of k2. We observe
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that if k2 is small, the denial rate is lower in the exogenous arrival model, however

as k2 increases the subscriber model has a lower denial rate, which demonstrates the

difference in the two models. Figure 2.1 can be explained loosely as follows. As the

number of subscribers that are in the On state increases, the number of subscribers

attempting to obtain a server decreases. Consequently, when the capacity level is high,

the denial rates seen by the subscribers is smaller than that seen by the exogenous

stream whose attempt rate is independent of the state of the system. When the

capacity level is low, the number of subscribers in the On state is small due to server

unavailability, and consequently the number of subscribers attempting increases.

Notes

1Lemma 3 in Section 3.1 proves the existence of a unique Q that satisfies a relation

similar to that in (2.1-2.2). The proof can be adapted to prove the same for this case.



Chapter 3

A General Rental System Model

The focus of this chapter is a general rental system with two types of customers. The

first type comprises subscribers, while the other type constitutes a Poisson arrival

stream. Though most of the asymptotic results required for the economic analysis in

Chapter 4 have been provided in Chapter 2, we shall still study this combined system

for its novelty, namely, a loss system with this structure has not been studied in the

literature. Further, the asymptotic analysis of this combined system allows us to

answer economic questions in more general settings where both subscription and pay-

per-use options are offered by the firm (see Section 4.4). We shall explicitly compute

the asymptotic limits for this system as the number of servers and the load on the

system grow without bound. We shall prove the process level convergence as well

as that of the invariant distributions. The main result of this chapter is Theorem 1,

which encompasses the results in Chapter 2.

This chapter is organized as follows. In Section 3.1, we develop the general model

and state the asymptotic results. Section 3.2 contains a proof of the main diffusion

level convergence, while Section 3.3 contains a proof of the convergence of the invariant

distribution. All the results that are stated but not proved in this chapter are proved

in Appendix B.

17
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3.1 Asymptotic Results

Consider the system with a total of n subscribers as before and an exogenous stream

of customers that arrive according to a Poisson process with rate λn
p . Let Qn ∈

DR3[0,∞), where Qn
1 (·), Qn

2(·), and Qn
3 (·) are the processes that denote the number

of servers in use by the subscribers, the number of servers in use by the exogenous

customers, and the number of subscribers in the Hold state respectively. We obtain

the following characterization of Qn.

Qn
1 (t) =Qn

1 (0) + Na
1

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}(n − Qn
1 (u) − Qn

3 (u))λ du

)

− Nd
1

(∫ t

0

µQn
1(u) du

)
+ N r

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}νQn
3 (u) du

)

Qn
2 (t) =Qn

2 (0) + Na
2

(
λn

p

∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn} du

)
− Nd

2

(∫ t

0

µQn
2 (u) du

)

Qn
3 (t) =Qn

3 (0) − N r

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}νQn
3 (u) du

)

+ Na
1

(∫ t

0

(n − Qn
1 (u) − Qn

3 (u))λ du

)

− Na
1

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}(n − Qn
1 (u) − Qn

3 (u))λ du

)

for t ≥ 0, where Na
i (·) for i = 1, 2, Nd

j (·) for j = 1, 2, and N r(·) are five indepen-

dent unit rate Poisson processes. For (x, y, z) ∈ R
3
+, let λn(x, y, z) = ((n − x −

z)λ, λn
p , 0)′ and µ(x, y, z) = (µx, µy, 0)′. Then, using the notation N(x, y, z) =

(N1(x), N2(y), N3(z))′ and defining Na
3 (t) = Nd

3 (t) = 0 for t ≥ 0, the above relation

can be re-expressed as

Qn(t) =Qn(0) + Na

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}λ
n(Qn(u))du

)
− Nd

(∫ t

0

µ(Qn(u)) du

)

+ N r

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}νQn
3 (u) du

)
(1, 0,−1)′

+ (0, 0, ∆Na
1 (Qn

1 , Q
n
2 , Q

n
3 )(t))′ ,

(3.1)
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where for A ∈ DR[0,∞),

∆A(Qn
1 , Qn

2 , Q
n
3 )(·) ≡A

(∫ ·

0

(n − Qn
1 (u) − Qn

3 (u))λ du

)

− A

(∫ ·

0

1{Qn
1 (u)+Qn

2 (u)<kn}(n − Qn
1 (u) − Qn

3 (u))λ du

)
.

The following result proves the existence of a unique Qn that satisfies (3.1).

Lemma 3. There exists a unique solution Qn defined on (Ω,F , P) to (3.1).

Note that (3.1) can be rewritten as

Qn(t) = Qn(0) +

∫ t

0

[λn(Qn(u)) + ν(Qn(u)) − µ(Qn(u))] du

+ N̄a

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}λ
n(Qn(u)) du

)′
− N̄d

(∫ t

0

µ(Qn(u)) du

)′

+ N̄ r

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}νQn
3 (u) du

)
(1, 0,−1)′ +

(
0, 0, ∆N̄a

1 (Qn
1 , Qn

2 , Q
n
3)
)′

−
∫ t

0

1{Qn
1 (u)+Qn

2 (u)=kn}λ̃
n(Qn(u)) du,

(3.2)

where for (x, y, z) ∈ R
3
+, λ̃n(x, y, z) = ((n − x − z)λ + νz, λn

p , − (n − x− z)λ + νz)′

and ν(x, y, z) = (νz, 0, − νz)′.

To obtain meaningful asymptotic limits, we shall choose λn
p = λ1n +λ2

√
n, where

λ1, λ2 ≥ 0, and the capacity level kn = k1n + k2

√
n as before. Defining

qn(·) =
Qn(·)

n
and (3.3)

q̄(·) =

(
λ

λ + µ
,
λ1

µ
, 0

)′
, (3.4)

we state the asymptotic results for this system corresponding to the fluid limit.

Lemma 4. (a) If k1 ≥ λ
λ+µ

+ λ1

µ
and qn(0) → q̄(0) a.s., then qn → q̄.

(b) If k1 < λ
λ+µ

+ λ1

µ
and qn(0) → ¯̄q(0) a.s., where ¯̄q1(·) = −b−

√
b2−4ac

2a
with a =



CHAPTER 3. A GENERAL RENTAL SYSTEM MODEL 20

ν + µ
λ
(ν − λ),

b = −
(
ν(k1 + 1) + λ1 +

µ

λ
(ν − λ)k1

)
,

and c = k1ν, ¯̄q2(·) = k1 − ¯̄q1(·) and ¯̄q3(·) = 1 − λ+µ
λ

¯̄q1, then qn → ¯̄q.

A point worth noting about this result is that we require qn(0) to converge to the

fluid limit as n → ∞. If this condition does not hold, i.e., if there exists a sequence

along which qn(0) converges to a point different from the fluid limit, then along this

sequence qn(t) shall converge to the fluid limit only as both n → ∞ and t → ∞.

We now wish to study the diffusion limits for this system. To this effect, define

Q̂n(·) =
√

n(qn(·) − q̄(·)) − (k2, 0, 0)′. Note that if k1 < λ
λ+µ

+ λ1

µ
, the correction

process simply does not exists, the limit instantaneously achieves the point ¯̄q and

stays there. If k1 > λ
λ+µ

+ λ1

µ
, this case is identical to an infinite server setting and

is treated in Mandelbaum and Pats (1998). We now state the diffusion result for the

case k1 = λ
λ+µ

+ λ1

µ
.

Theorem 1. (a) If k1 = λ
λ+µ

+ λ1

µ
, qn(0) → q̄(0) a.s., and Q̂n(0) ⇒ Q̂(0), then

Q̂n ⇒ Q̂, where

Q̂1(t) = Q̂1(0) +

∫ t

0

[(ν − λ)Q̂3(u) − (λ + µ)(Q̂1(u) + k2)]du

+
√

2mB1(t) − mY (t),

(3.5)

Q̂2(t) = Q̂2(0) +

∫ t

0

(λ2 − µQ̂2(u))du +
√

2λ1B2(t) − λ1Y (t), (3.6)

Q̂3(t) = Q̂3(0) −
∫ t

0

νQ̂3(u))du + mY (t), (3.7)

where B1 and B2 are two independent standard Brownian motions, and Y is the

non-negative, non-decreasing process such that
∫ t

0
(Q̂1(u) + Q̂2(u))dY (u) = 0,

∀t ≥ 0, and Y (0) = 0.

(b) The invariant distribution of Q̂n(·), π̂n ⇒ π̂, where π̂ is the unique invariant

distribution of the diffusion process Q̂(·).

The following result proves that the diffusion process given by (3.5 -3.7) is well

defined.
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Lemma 5. (3.5 -3.7) has a unique strong solution.

Noting the convergence in Theorem 1(b), it would be quite useful if we can char-

acterize the invariant distribution π̂. However, we shall now demonstrate using a

non-rigorous argument the difficulty in estimating π̂. Let us assume this invariant dis-

tribution has a density p̂ ∈ C2,2,1. Denote the state space of the diffusion process (3.5-

3.7) by S, i.e., S = {(x, y, z) : x+y ≤ 0, z ≥ 0}, and its boundary by ∂S = {(x, y, z) :

x+y = 0}. Let L = ((ν−λ)z−(λ+µ)(x+k2))
∂
∂x

+(λ2−µy) ∂
∂y
−νz ∂

∂z
+m ∂2

∂x2 +λ1
∂2

∂y2

denote the generator of the diffusion process; its domain is C2,2,1. Pick any f ∈ C2,2,1

with compact support such that m∂f
∂x

+ λ1
∂f
∂y

= 0 on ∂S. Then, applying Ito’s lemma

to f for this diffusion process and taking expectations with respect to the invariant

distribution, we obtain the condition

∫

S

p̂(v)Lf(v)dv = 0. (3.8)

Assuming sufficient regularity conditions on p̂, repeated use of integration by parts

leads us to contend that p̂ should solve the following partial differential equation

(p.d.e):

m
∂2p̂

∂x2
+ λ1

∂2p̂

∂y2
+ (λ + µ)(x + k2)

∂p̂

∂x
− (λ2 − µy)

∂p̂

∂y
+ νz

∂p̂

∂z
+ (λ + 2µ + ν)p̂ = 0,

for (x, y, z) ∈ S \ ∂S, with the boundary condition

−(λx + (λ + µ)k2 − λ2)p̂ − m
∂p̂

∂x
− λ1

∂p̂

∂y
= 0, for (x, y, z) ∈ ∂S.

We are unable to solve this p.d.e, and thus cannot provide a better characterization

of the invariant distribution. We shall see in the following that for the case ν = λ,

we can actually compute the invariant distribution of the limiting diffusion process.

3.1.1 Special case, ν = λ

When ν = λ, the Off and Hold state are indistinguishable, which implies that we do

not need to keep track of the number of subscribers in the Hold state. This allows us
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to focus on a two dimensional process Qn ∈ DR2 [0,∞), where Qn
1 (·) and Qn

2 (·) denote

the number of servers in use by the subscribers and the exogenous customer stream

respectively. For (x, y) ∈ R
2
+ let λn(x, y) = ((n − x)λ, λn

p)
′ and µ(x, y) = (µx, µy)′.

Then, we obtain the following characterization of Qn:

Qn(t) = Qn(0) + Na

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}λ(Qn(u)) du

)
− Nd

(∫ t

0

µ(Qn(u)) du

)

for t ≥ 0. Defining qn(·) = Qn(·)
n

, q̄(·) =
(

λ
λ+µ

, λ1

µ

)′
, and Q̂n(·) =

√
n(qn(·) − q̄(·)) −

(k2, 0)′, the corresponding asymptotic results for this system are as follows.

Proposition 7. If k1 = λ
λ+µ

+ λ1

µ
and qn(0) → q̄(0) a.s., then

(a) qn → q̄.

(b) If Q̂n(0) ⇒ Q̂(0), then Q̂n ⇒ Q̂ , where

Q̂1(t) = Q̂1(0) −
∫ t

0

(λ + µ)(Q̂1(u) + k2)du +
√

2mB1(t) − mY (t) (3.9)

Q̂2(t) = Q̂2(0) +

∫ t

0

(λ2 − µQ̂2(u))du +
√

2λ1B2(t) − λ1Y (t), (3.10)

where B1 and B2 are two independent standard Brownian motions, and Y is the

non-negative, non-decreasing process such that
∫ t

0
(Q̂1(u) + Q̂2(u))dY (u) = 0,

∀t ≥ 0, and Y (0) = 0.

(c) The invariant distribution of Q̂n(·), π̂n ⇒ π̂, where π̂ is the unique invariant

distribution of the diffusion process Q̂(·).

This result is another special case of Lemma 4 and Theorem 1, and hence its proof

is omitted.

We shall now characterize the invariant distribution of this diffusion process.
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Proposition 8. (a) If λ1 > 0, the density corresponding to the invariant distribu-

tion of the diffusion process (3.9-3.10) is

p̂(x, y) =






exp

 

− 1
2

 

(x+k2)2(λ+µ)
m

+
(y−

λ2
µ )2µ

λ1

!!

R∞

−∞

R−x
−∞

exp

 

− 1
2

 

(x+k2)2(λ+µ)
m

+
(y−

λ2
µ )2µ

λ1

!!

dy dx

, if x + y ≤ 0,

0, else.

(3.11)

(b) If λ1 = 0, the density corresponding to the invariant distribution of the diffusion

process (3.9-3.10) is

p̂(x, y) =






exp(− 1
2m

(λ+µ)(x+k2)2)
R−

λ2
µ

−∞ exp(− 1
2m

(λ+µ)(x+k2)2)dx

, if y = λ2

µ
, x ≤ −λ2

µ
,

0, else.

(3.12)

Proof. We shall prove (a); the proof of (b) follows in a similar manner. Denote the

state space of the diffusion process (3.9-3.10) by S, i.e., S = {(x, y) : x + y ≤ 0}, and

its boundary by ∂S = {(x, y) : x+y = 0}. The generator of the diffusion process (3.9-

3.10) is given by L = −(λ+µ)(x+k2)
∂
∂x

+(λ2−µy) ∂
∂y

+m ∂2

∂x2 +λ1
∂2

∂y2 with the domain

C2,2. Pick any f ∈ C2,2 with compact support such that m∂f
∂x

+ λ1
∂f
∂y

= 0 on ∂S. It

can be verified that p̂ defined in (3.11) satisfies
∫

S
p̂(v)Lf(v)dv = 0. Using π̂ to denote

the probability measure corresponding to the density p̂, we mimic Proposition 1 in

Ward and Glynn (2003) to verify that π̂ is the invariant measure as follows: using

Ito’s formula we obtain Eπ̂[f(Q̂(t)] = Eπ̂[f(Q̂(0)] for all t ≥ 0, which implies that π̂

must be an invariant measure. The result then follows by uniqueness of the invariant

distribution.

Insensitivity of the steady-state distribution of the number-in-system pro-

cess in the original system

It is well known that the steady-state distribution of the number-in-system in the

M/G/k/k loss system is independent of the service time distribution (see Gross and

Harris (1998), pages 245–247). It is also known that the steady-state distribution of
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the number in system for the On-Off source model is independent of the distribution

of On and Off times (see Cohen (1957)). We will now focus on the system with

both subscribers and an exogenous pay-per-use stream and show that the steady-

state distribution of the number-in-system of the pre-limit process is insensitive to

the distribution of On times, Off times and the service times, i.e., it depends only

on the means of these distributions, when Hold times are identically distributed as

Off times. This insensitivity result does not hold when the Hold time and Off time

distributions are different and when the exogenous stream does not arrive as a Poisson

process.

Before stating the result, we shall introduce some notation. Let F and G denote

the Off time and On time distributions respectively, with 1
λ

and 1
µ

denoting their

respective means. We shall assume that these distributions have densities. Note

that G is also the distribution of service times for the Poisson arrivals. Let the total

number of subscribers in the system be n, the arrival rate of the Poisson stream be

λn
p , and the number of servers be k. Let Js(t) be a set whose elements represent

the subscribers in the On state at time t, where each subscriber is numbered from

1 to n and U = {1, 2, . . . , n} denotes the set of all subscribers. Let Jp(t) denote

the number of customers from the Poisson stream in service at time t. Let Rs(t) ∈
R

n
+ denote the residual times for the subscribers at time t, i.e., for subscriber u ∈

J(t), Rs
u(t) denotes the amount of On time remaining, while for subscriber u /∈

J(t), it denotes the amount of Off time remaining. Let Rp(t) denote the residual

times for the customers in service from the Poisson stream. It can be verified that

{X(t) = (Js(t), Rs(t), Jp(t), Rp(t)) : t ≥ 0} is a Markov process. The number-in-

system process is given by {(|Js(t)|, Jp(t)) : t ≥ 0}, where for a set A, |A| denotes

its cardinality. As this process is not Markovian, its invariant distribution is not well

defined. Thus, we shall work with the the steady-state probability of the number-in-

system process, which is given by P((|Js(∞)|, Jp(∞)) = (i, j)) for i, j ≥ 0. We are

now ready to state the main insensitivity result.

Proposition 9. The steady-state distribution of {(|Js(t)|, Jp(t)) : t ≥ 0}, the number-

in-system process, depends on the distributions F and G only through their means.
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Proof. We shall begin by computing the steady-state distribution of the Markov pro-

cess X(·). Let {X(t) : t ≥ 0} be defined on a probability space (Ω,F , P). Further,

let

π1(js, xs) = πs(|js|)
∏

u∈js

λḠ(xs
u)
∏

u/∈js

µF̄ (xs
u), and

π2(jp, xp) = πp(jp)

jp∏

i=1

µḠ(xp
i ),

where πs denotes the invariant distribution for the stand-alone subscriber system with

Off and On times exponentially distributed, πp denotes the invariant distribution for

the stand-alone Poisson arrival stream with service times exponentially distributed,

and for a distribution H , H̄ = 1 − H . Further, we shall say a state (js, xs, jp, xp) is

feasible if (js, xs, jp, xp) ≥ 0, xp
i = 0 for i > jp and js + jp ≤ k.

If the following result holds, then Proposition 9 follows by integrating (3.13) over

the appropriate sets.

Lemma 6. If, for an appropriate constant C > 0,

π̂(js, xs, jp, xp) =





C(n − |js|)!|js|!(jp!)π1(js, xs), π2(jp, xp), if state is feasible,

0, else,

(3.13)

then π̂(js, xs, jp, xp) is the density of the steady-state distribution π of {X(t); t ≥ 0},
i.e., π(A) =

∫
A

π̂(js, xs, jp, xp)
∏n

ℓ=1 dxs
ℓ

∏jp

m=1 dxp
m for any set A ∈ F .

This insensitivity result proves that to asymptotically characterize the invariant

distribution for such systems, it is sufficient to analyze a Markovian model. This

allows us to circumvent the issue of obtaining the process limits for these systems,

which are known to be measure-valued and fairly complicated, and provides a further

justification for using Markovian models.
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3.2 Convergence to Diffusion Limits

This section is concerned with the proof of Theorem 1(a). Note that Propositions 1

and 7 are special cases of Theorem 1. Proposition 1 follows from Theorem 1 by

setting λ1 = λ2 = 0, while Proposition 7 follows by setting Qn
3 (·) = 0, as the system

is equivalent to one in which subscribers turn Off immediately when denied service.

Before beginning with the proof, we introduce the following notation

κn =
kn

n
, (3.14)

θn(x, y, z) = λn(x, y, z) + νn(x, y, z) − µn(x, y, z), (3.15)

Ma,n(t) = N̄a

(∫ t

0

1{Qn
1 (u)+Q2(u)<kn}λ

n(Qn(u))du

)

+ N̄ r

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}νQn
3 (u) du

)
(1, 0, 0)′

(3.16)

Md,n(t) = N̄d

(∫ t

0

µn(Qn(u)) du

)

+ N̄ r

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}νQn
3 (u) du

)
(0, 0, 1),

(3.17)

αn =
1

n
(Ma,n − Md,n), (3.18)

δn =
1

n

(
0, 0, ∆N̄a

1 (Qn
1 , Q

n
2 , Q

n
3 )
)′

, (3.19)

Sn =
{
(x, y, z) ∈ R

3|x, y, z ≥ 0, x + y ≤ kn
}

, (3.20)

where Sn denotes the state space of the process Qn, and for (x, y, z) ∈ R
3, λn(x, y, z) =

((n−x−z)λ, λ1n+λ2

√
n, 0)′, µn(x, y, z) = (µx, µy, 0)′ and νn(x, y, z) = (νz, 0,−νz)′.

Rearranging terms in (3.2), we obtain the following characterization.

Lemma 7. For t ≥ 0, qn(t) can be written as

qn(t) = Xn(t) +

∫ t

0

Rn(u) dY n(u), (3.21)
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where Xn, Rn ∈ DR3 [0,∞) and Y n ∈ DR[0,∞) are defined as

Xn(t) ≡ qn(0) +
1

n

∫ t

0

θn(nqn(u)) du + αn(t) + δn(t), (3.22)

Rn(t) ≡ −((1 − qn
1 (t) − qn

3 (t))λ + νqn
3 (t), λ1 +

λ2√
n

,−(1 − qn
1 (t) − qn

3 (t))λ + νqn
3 (t))′,

(3.23)

Y n(t) ≡
∫ t

0

1{qn
1 (u)+qn

2 (u)=κn} du. (3.24)

In addition, we have

n̂′
∫ t

0

Rn(u) dY n(u) = − sup
0≤s≤t

(Xn
1 (s) + Xn

2 (s) − κn)+ ,

where n̂ = (1, 1, 0)′.

We shall use the notation Φn
κn(Xn)(t) to denote Xn(t) +

∫ t

0
Rn(u) dY n(u) as in

(3.22-3.24). A point worth noting about Rn(t), which can be thought of as a reflection

direction to keep the underlying process within the feasible region, is its dependence

on the state at time t, as well as on n. This dependence complicates establishing

regularity properties, such as Lipschitz continuity, on the reflection map Φn
κn. To

circumvent this issue, we introduce an intermediate system which is defined on the

same probability space and differs from the original system only in the reflection

direction. For this intermediate system, we choose the reflection direction

R̃ ≡ lim
n→∞

Rn(t) = − (m, λ1,−m)′ . (3.25)

We shall prove that this intermediate system is indistinguishable from the system

under consideration at both the fluid and diffusion scale. It will then be sufficient to

derive the diffusion limit for the intermediate system alone. However, to prove the

equivalence of these two systems, we shall require the existence of a weak limit for the

intermediate system. Thus, we shall first obtain the diffusion limit for the intermedi-

ate system, and then establish that this intermediate system is indistinguishable from

the system under consideration at the fluid and diffusion scale, which will complete
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the proof.

We shall now define the intermediate system. We shall use the same notation

for the intermediate system as we did for the original system, albeit with a modifier

“̃·” to differentiate between the two, i.e., Q̃n ∈ DR3[0,∞) represents the number-in-

system process for this system. Before defining the intermediate system, we introduce

a mapping Φ̃a : DR3[0,∞) → DR3 [0,∞) such that

Φ̃a(X) ≡ X + R̃Ỹ , (3.26)

where R̃ is given by (3.25) and for t ≥ 0

Ỹ (t) = −sup0≤s≤t (X1(s) + X2(s) − a)+

n̂′R̃

with n̂ = (1, 1, 0)′. Note that the mapping Φ̃a is independent of n.

We then define the following dynamics for the scaled number-in-system process

for the intermediate system q̃n(·) ≡ Q̃n(·)
n

:

q̃n(t) = Φ̃κn(X̃n)(t) = X̃n(t) + R̃Ỹ n(t),

where

X̃n(t) = q̃n(0) +
1

n

∫ t

0

θn(nq̃n(u))du + α̃n(t) + δ̃n(t), (3.27)

Ỹ n(t) = − sup0≤s≤t(X̃n
1 (s)+X̃n

2 (s)−κn)
+

n̂′R̃
, and we have the following analog to (3.15-3.19).

θn(x, y, z) = λn(x, y, z) + νn(x, y, z) − µn(x, y, z), (3.28)

M̃a,n(t) = N̄a

(∫ t

0

1{Q̃n
1 (u)+Q̃n

2 (u)<kn}λ
n(Q̃n(u))du

)

+ N̄ r

(∫ t

0

1{Q̃n
1 (u)+Q̃n

2 (u)<kn}νQ̃n
3 (u)+ du

)
(1, 0, 0)′

(3.29)
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M̃d,n(t) = N̄d

(∫ t

0

µn(Q̃n(u)+) du

)

+ N̄ r

(∫ t

0

1{Q̃n
1 (u)+Q̃n

2 (u)<kn}νQ̃n
3 (u)+ du

)
(0, 0, 1)′,

(3.30)

α̃n =
1

n
(Ma,n − Md,n), (3.31)

δ̃n =
1

n

(
0, 0, ∆N̄a

1 (Q̃n
1 , Q̃

n
2 , Q̃

n
3 )
)′

. (3.32)

The state-space of the Q̃n(·) process is S̃n = {(x, y, z) : x + y ≤ kn, x + z ≤ n}.
Note that as the components of Q̃n can take negative values as well, this intermediate

system has no “real” interpretation. Figure 3.1 provides a two-dimensional cross-

section of the state space along with the reflection direction of the number-in-system

process in the two systems.

θ = tan−1
(

λ1n+λ2
√

n
λ(n−Qn

1 )+(ν−λ)Qn
3

)

Qn
1

Qn
2

Qn
3

Sn

(a) Original system

θ = tan−1
(

λ1
m

)

Q̃n
1

Q̃n
2

Q̃n
3

S̃n

(b) Intermediate system

Figure 3.1: Reflection directions in the two systems.

We now obtain the asymptotic limits for the intermediate system. Defining

Q∗n(·) =
√

n(q̃n(·) − q̄(·)) − (k2, 0, 0)′, where q̄(·) =
(

λ
λ+µ

, λ1

µ
, 0
)′

, we have the fol-

lowing asymptotic results.

Proposition 10. If k1 = λ
λ+µ

+ λ1

µ
and q̃n(0) → q̄(0) a.s., then

(a) q̃n → q̄.
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(b) If Q∗n(0) ⇒ Q∗(0), then Q∗n ⇒ Q∗, where

Q∗(t) = Φ̃0(Z
∗(t)) (3.33)

Z∗
1(t) = Q∗

1(0) +

∫ t

0

[(ν − λ)Q∗
3(u) − (λ + µ)(Q∗

1(u) + k2)] du +
√

2mB1(t)

(3.34)

Z∗
2(t) = Q∗

2(0) +

∫ t

0

(λ2 − µQ∗
2(u))du +

√
2λ1B2(t) (3.35)

Z∗
3(t) = Q∗

3(0) −
∫ t

0

νQ∗
3(u)du, (3.36)

where B1 and B2 are two independent standard Brownian motions.

Proof. Part (a) follows in an identical manner as Lemma 4(a). We shall prove Part

(b) on similar lines as Theorem 7.2 in Mandelbaum and Pats (1998). First, we shall

rewrite Q∗n in the following manner.

Q∗n =
√

n

(
Φ̃κn

(
q̄ +

Z̃n + (k2, 0, 0)′√
n

)
− Φ̃κn(q̄)

)
− (k2, 0, 0)′,

where

Z̃n(t) = Q∗n(0) + D̃n
θ (t) + M̃n(t) +

√
nδ̃n, (3.37)

D̃n
θ (t) =

√
n

∫ t

0

(
θ(q̃n(u)) − θ(q̄(u)) +

(
0,

λ2√
n

))
du, (3.38)

M̃n =
√

nα̃n, (3.39)

where θ(x, y, z) = (−(λ + µ)x + (ν − λ)z,−µy,−νz)′ for (x, y, z) ∈ R
3.

Using the fact that for any vector z ∈ R
3, Φa+z1+z2(X + z) = Φa(X) + z and for

any b ∈ R+, bΦ0(X) = Φ0(bX), we can rewrite Q∗n as

Q∗n = Φ̃0

(
Z̃n
)

. (3.40)

We now state a few results that will be used to complete the proof. The first result
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proves that the mapping Φ̃a defined in (3.26) is Lipschitz continuous. Lemma 9 proves

the convergence of the processes M̃n and
√

nδ̃n. Lemmas 10-12 prove the compact

containment, tightness, and weak convergence of the relevant processes.

Lemma 8. The mapping Φ̃a is Lipschitz continuous for any a ∈ R, i.e, there exists

K ≥ 0 such that for every T > 0 and Z1, Z2 ∈ DR3[0,∞), ‖ Φ̃a(Z
1) − Φ̃a(Z

2) ‖T ≤
K‖ Z1 − Z2 ‖T .

Lemma 9. The following convergences hold.

(a) M̃n ⇒ W , where W1(·) =
√

2mB1(·), W2(·) =
√

2λ1B2(·), and W3(·) = 0.

(b)
√

nδ̃n ⇒ 0.

Lemma 10. The sequence {Q∗n} adheres to the compact containment condition

lim
ℓ↑∞

lim sup
n

P{‖ Q∗n ‖T > ℓ} = 0.

Lemma 11. The sequence (Q∗n, Z̃n, D̃n
θ , M̃n,

√
nδ̃n) is C-tight.

Lemma 12. Let (Q∗, Z∗, D̃θ, W, 0) be any weak limit of (Q∗n, Z̃n, D̃n
θ , M̃n,

√
nδ̃n).

Then, Z∗ satisfies (3.33-3.36).

The proof of Part (b) thus follows.

We shall now prove that the intermediate system is asymptotically equivalent to

the original system at the
√

n-scale, which implies that both these systems have iden-

tical diffusion limits. Although, this equivalence result holds in far more generality,

we shall prove it only for the case we are interested in.

Lemma 13. For any T > 0, if k1 = λ
λ+µ

+ λ1

µ
, qn → q̄, q̃n → q̄ and |Q̂n(0)−Q∗n(0)| ⇒

0, then ‖ Q̂n − Q∗n ‖T ⇒ 0.

This, along with Proposition 10, completes the proof of Theorem 1(a).
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3.3 Convergence of Invariant Distributions

The subject of this section is the proof of Theorem 1(b). We shall prove the conver-

gence of the invariant distributions, as well as uniqueness of the invariant distribu-

tion of the limiting diffusion process. The proof employs a Lyapunov function argu-

ment as in Gamarnik and Zeevi (2006). However, as the processes we consider have

state-dependant drift and Gamarnik and Zeevi (2006) prove the limit interchange for

Jackson networks (with state-independent drift), their main results are not directly

applicable here. We shall begin with the following definitions for a Markov chain

(Q(t) : t ≥ 0) with a complete, metrizable state space S as in Gamarnik and Zeevi

(2006).

Definition 1. A function f : S → R+ is said to be a Lyapunov function with drift

size parameter −γ, where γ > 0, drift time parameter t0 > 0, and exception parameter

K, if

sup
{x∈S:f(x)>K}

{Exf(Q(t0)) − f(x)} ≤ −γ.

A function f : S → R+ is said to be a geometric Lyapunov function with a geometric

drift size 0 < γ < 1, drift time t0 > 0, and exception parameter K, if

sup
{x∈S:f(x)>K}

{
(f(x))−1

Exf(Q(t0))
}
≤ γ.

Define φ(t) = supx∈S(f(x))−1
Exf(Q(t)) and for any given β > 0,

L1(β, t) ≡ sup
x∈S

Ex [exp(β(f(Q(t)) − f(x)))]

L2(β, t) ≡ sup
x∈S

Ex

[
(f(Q(t)) − f(x))2 exp(β(f(Q(t)) − f(x))+)

]
,

for t ≥ 0.

Let q̂n = n (q̄ − qn) − (k2

√
n, 0, 0)′. Recall that qn = Qn/n and q̄(·) = (λ/(λ +

µ), λ1/µ, 0)′. Differing from Gamarnik and Zeevi (2006), we shall prove that the

function f(z) = e′|z|, where e = (1, 1, 1)′, is a Lyapunov function, where |z| =

(|z1|, |z2|, |z3|)′. The fact that the centered and scaled process can take negative
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values leads us to this choice. We shall use S = R
2×R+ equipped with the sup norm.

Lemma 14. For all sufficiently large n, the function f(z) = e′|z| is a Lyapunov func-

tion with drift size parameter −√
n, drift time parameter t0 and exception parameter

c0

√
n. In addition, the following hold.

lim sup
n→∞

L1(β0/
√

n, t0) < ∞, (3.41)

lim sup
n→∞

1

n
L2(β0/

√
n, t0) < ∞. (3.42)

We now establish the required tightness of the invariant distributions {π̂n}. Note

that the existence and uniqueness of these invariant distributions follows from the

fact that their corresponding Markov chains are irreducible and are defined on a

finite state-space, and thus are positive-recurrent.

Proposition 11. There exist constants C1, c1 such that for all sufficiently large n,

the sequence of invariant distributions π̂n satisfies

Pπ̂n(n− 1
2 e′|q̂n(0)| > s) ≤ C1 exp(−c1s),

for all s > 0.

Proof. Using Lemma 14 for βn = cβ0n
− 1

2 where 0 < c < 1 is a constant, we obtain

lim sup
n→∞

n− 1
2 βnL2(βn, t0) = lim sup

n→∞
n−1cβ0L2(βn, t0) ≤ 1

for c chosen sufficiently small. The following result from Gamarnik and Zeevi (2006)

(Theorem 6) for Markov chains defined on a complete, metrizable state space S will

be useful in proving this result.

Lemma 15. Suppose the Markov process Q(·) possesses an invariant distribution π,

and suppose f is a Lyapunov function with parameters γ, t0, K. Assume in addition

that there exists β > 0 such that

βL2(β, t0) ≤ γ. (3.43)
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Then, eβf(·) is a geometric Lyapunov function with geometric drift size parameter

(1− γβ/2), drift time parameter t0, and exception parameter eβK . Consequently, for

every s > K

Pπ(f(Q(0)) > s) ≤ (1 − γβ/2)−1L1(β, t0)e
−β(s−K).

Now, applying Lemma 15 and using βn = cβ0n
− 1

2 , we obtain for every s > 0

Pπ̂n

(
e′|q̂n(0)|/

√
n > s

)
≤ L1(βn, t0)

1 − cβ0/2
exp

(
−βn(sn

1
2 − c0n

1
2 )
)

=
L1(βn, t0)

1 − cβ0/2
exp (−cβ0(s − c0)) .

(3.41) implies that there exists a sufficiently large n0 > 0 and a constant c2 > 0 such

that L1(βn, t0) < c2 for n > n0. Then for all s > 0 and all n > n0

Pπ̂n

(
e′|q̂n(0)|/

√
n > s

)
≤ c2

1 − cβ0/2
exp (−cβ0(s − c0)) .

A consequence of this proposition is the following result.

Corollary 1. Let q̂n(0)√
n

be distributed according to π̂n. Then the sequence of random

vectors {q̂n(0)/
√

n} is tight.

As any limit point of a converging sub-sequence of {π̂n} must be invariant for

the limiting diffusion process Q̂(·), this result proves the existence of invariant dis-

tributions for the diffusion process. We shall now prove that the diffusion process

can only have a unique invariant distribution, and this shall complete the proof of

Theorem 1(b).

Lemma 16. The diffusion process Q̂(·) given by (3.5-3.7) has a unique invariant

distribution.

Having established the desired weak convergence of the invariant distributions, we

shall end this chapter by proving the following uniform integrability result that will

be useful.
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Proposition 12. There exists δ > 0 such that the family {exp(δe′|q̂n(0)|/√n)} is

uniformly integrable, where q̂n(0)√
n

∼ π̂n for each n = 1, 2, . . . . Consequently,

Eπ̂n [n− 1
2 q̂n

i (0)] → Eπ̂[Q̂i(0)], for i = 1, 2, 3.

Proof. Using Proposition 11, we have for all sufficiently large n and δ > 0

Eπ̂n [exp(n− 1
2 δe′|q̂n(0)|)] =

∫ ∞

0

P(n− 1
2 e′|q̂n(0)| > δ−1 log x)dx

≤ 1 +

∫ ∞

1

C1 exp(−c1δ
−1 log x)dx

< ∞,

provided c1δ
−1 > 1. Setting 0 < δ < c1, we obtain the result.



Chapter 4

Operational Benefits of

Subscription Services

This chapter builds an economic framework around the models introduced in earlier

chapters. We shall now assume that our customers are price and quality-of-service

sensitive, where the customers’ perception of quality is determined by their likelihood

of obtaining the product or service immediately upon request. We shall study the

firm’s alternatives of offering either a subscription option or a pay-per-use option from

a profit-maximizing perspective. In order to perform this comparison, we shall make

the behavioral assumption that the customers’ propensity to consume the products

is the same in both options, i.e., we shall assume that the maximum load on the

system (through the customers’ requests for service) is identical for both the options.

We shall show that in a large market setting using the subscription option is more

profitable for the firm. However, we shall show that it is not necessarily true that

the subscription option dominates the pay-per-use option on quality-of-service. The

firm is able to manage the trade-off between price and quality-of-service better in

the subscription option. Moreover, we shall show that the social welfare and the

consumer surplus can also be higher in the subscription option, indicating that both

the firm and the consumers can benefit from the subscription option.

Our approach for solving the firm’s optimization problem for either option (or for

the combined case) is as follows. Denoting the size of the market, that is, the number

36
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of potential subscribers or the potential arrival rate of pay-per-use customers, by n, we

first solve a nominal optimization problem at the O(n) level. (As usual O(n) denotes

any quantity such that O(n)
n

is bounded as n → ∞.) In such a system the natural

scale at which stochastic variability manifests itself is O(
√

n). Any refinement to the

nominal problem that takes into account the stochastic variability in the system must

be at the O(
√

n) level. The following example may help illustrate this scale difference.

Consider a newsvendor model with demand arising from n independent, identically

distributed sources. In this case, the optimal stock level comprises of the mean of

the total demand, which is O(n), and a safety stock against variability, which is some

number of standard deviations of the total demand and is O(
√

n). The safety stock in

the newsvendor model is exactly analogous to the refinement to the nominal solution

that we propose. By applying a law of large numbers argument, Proposition 13 shows

that on the O(n) scale, the system operates in a deterministic regime with essentially

all requests being satisfied immediately. Furthermore, using a functional central limit

theorem proved in earlier work, we perform a refined analysis on the O(
√

n) scale to

obtain prices and capacity levels that are optimal on this scale. That is, these choices

result in profits that are within o(
√

n) of the optimal values (see Proposition 16).

(As usual o(n) denotes any quantity such that o(n)
n

→ 0 as n → ∞.) Furthermore,

Proposition 15 shows that in this regime pricing and capacity sizing are equivalent

levers for the firm. That is, any refinement in prices can be imitated by an equivalent

refinement in capacity levels for both options. This asymptotic approach allows us to

compare the profits obtained under each option up to a resolution of o(
√

n). Equating

the nominal solutions for both options, we prove the primary result of this chapter,

that is, the profit is higher for the subscription option by a quantity that is O(
√

n).

Combining this with the size of the possible error in estimating the profit allows us

to conclude that in a large enough market, the subscription option dominates.

This chapter is organized in the following manner. In Section 4.1 we analyze

the subscription option. We build the customer demand function, set up the firm’s

optimization problem, and approximately solve it. We solve both the nominal problem

on the O(n) scale and its variability refinement and show that pricing and capacity

sizing are equivalent levers for the firm on the O(
√

n) scale. In Section 4.2, we
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perform an analogous analysis for the pay-per-use option. Section 4.3 compares the

two options and proves the main result of this chapter, that is, the firm’s profits are

higher when offering a subscription option. Section 4.4 solves the profit maximization

problem for the firm when it offers both options, and finally Section 4.5 discusses the

conclusions and scope for future work. All the proofs of results in this chapter can

be found in Appendix C.

4.1 The Subscription Option

We begin by building a demand function for the subscribers. We consider a market

with a total of n potential subscribers. (For a detailed description of the subscriber

model see Section 2.1.) We shall assume that the retrial rate of the subscribers ν = λ;

Section 4.5 discusses the general case. In accordance with Naor’s original idea (see

Naor (1969)), we assume that each potential subscriber has a value S for each service

completed. This value is assumed to be the same for every service completed for each

potential subscriber but may differ among the potential subscribers. The valuations

are drawn from some distribution with the cumulative distribution function F (·) and

the density function f(·). Each potential subscriber has a reservation value of r ≥ 0,

which is to be interpreted as the value per unit time she would obtain from some

alternative to the current system. This reservation value is used by the potential

subscriber to decide whether to join the system or not.

The subscribers’ sensitivity to the quality-of-service is captured through the denial

probability, that is, the steady-state probability that upon request a subscriber does

not receive the product. We characterize the denial probability by

γ = lim
t→∞

No. of denied attempts by time t

No. of attempts by time t
. (4.1)

The higher the denial probability the longer it takes a subscriber to obtain the prod-

uct. In particular, the mean time to complete a service (starting from the Off state)

for each subscriber is 1
λ

+
P∞

i=1 γi

ν
+ 1

µ
. (Lemma 24 in Appendix C proves this result

for ν = λ; for general retrial rates, this relation is approximate.)



CHAPTER 4. OPERATIONAL BENEFITS OF SUBSCRIPTION SERVICES 39

A potential subscriber joins the system only if the value she obtains per service

exceeds her cost. Thus, when the system manager sets a subscription fee of p per

unit time, the number of potential subscribers that join the system, N(p, γ), is given

by

N(p, γ) = nP

(
S >

(
1

λ
+

∑∞
i=1 γi

ν
+

1

µ

)
(r + p)

)

= nF̄

((
1

λ
+

γ

ν(1 − γ)
+

1

µ

)
(r + p)

)
,

(4.2)

where F̄ (·) denotes the tail of the cumulative density function. (Note that we are

approximating the number of subscribers that actually join the system, which is a

random quantity, by its mean.)

In addition to the subscription fee, the system manager also decides on the capac-

ity level k. Assuming each server costs $c per unit time, where c > 0, the optimization

problem of the system manager can be stated as

max
(p,k)∈R+×Z+

pN(p, γ) − kc

s.t. γ = d(N(p, γ), k),

where d(N(p, γ), k) is the denial probability as a function of the number of subscribers

and the capacity level. Note that for any subscription fee and capacity level set, the

denial probability must satisfy an equilibrium condition, which is captured via the

constraint γ = d(N(p, γ), k). The inability to characterize this equilibrium denial

probability in a simple form renders this problem, as stated, extremely hard to solve.

This motivates us to try to approximately solve it in the natural asymptotic regime

of large number of potential subscribers. In particular, we shall let n grow without

bound and use the superscript n to make explicit the dependence of the various

parameters on n, i.e., pn, kn, and γn denote the subscription fee, number of products,

and denial probability respectively, and Nn(pn, γn) denotes the number of potential
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subscribers joining the system. The optimization problem can then be written as

max
(pn,kn)∈R+×Z+

Πn(pn, kn) ≡ pnNn(pn, γn) − knc

s.t. γn = d(Nn(pn, γn), kn).

With this setup, we try to find a sequence of subscription fees and number of products

(pn∗, kn∗) that is optimal in the limiting regime as n → ∞. We shall begin by

providing a nominal solution, and then constructing a refinement that accounts for

the variability. The nominal solution optimizes the objective function on the O(n)

scale by appealing to the law of large numbers, while use of the central limit theorem

implies that the refinement is on the O(
√

n) scale. The O(
√

n) scale refinement

can be understood by considering a newsvendor model with demand arising from

n independent, identically distributed sources. In this case, the optimal stock level

comprises of the mean of the total demand, which is O(n), and a safety stock against

variability, which is some number of standard deviations of the total demand and is

O(
√

n).

A sequence (pn∗, kn∗) is said to be a nominal solution to the problem if for all

sequences (pn, kn)

lim inf
n→∞

Πn(pn∗, kn∗)

n
≥ lim sup

n→∞

Πn(pn, kn)

n
.

We denote the corresponding nominal profit by Π̄, i.e., Π̄ = lim infn→∞
Πn(pn∗,kn∗)

n
.

The nominal solution is a deterministic solution, and thus can be refined by study-

ing the variability in the system. To do so, we introduce the notion of asymptotic

optimality at the O(
√

n) scale. We expect the actual profit in the system to be less

than that expected in the nominal setting. This motivates us to look at the loss in

profits due to variability and refine our solution to minimize these losses. That is, for

any sequence (pn, kn), denoting Π̃n(pn, kn) ≡ √
n
(
Π̄ − Πn(pn,kn)

n

)
as the O(

√
n) scale

loss in profit, which is the difference between the nominal profit Π̄ and that obtained

while using the rule (pn, kn), we define an asymptotically optimal sequence as follows.

Definition 2. A sequence (pn∗, kn∗) is said to be asymptotically optimal if the scaled
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loss in profit is minimized, that is, for any sequence (pn, kn)

lim sup
n→∞

Π̃n(pn∗, kn∗) ≤ lim inf
n→∞

Π̃n(pn, kn).

It is clear that for a sequence to be asymptotically optimal, it must be a nominal

solution.

4.1.1 Nominal solution

We shall begin by solving the nominal problem. This problem is achieved by scaling

the objective function by n and letting n grow without bound. This resulting problem

is in fact deterministic, and hence one expects that its solution should have γ = 0.

Further, for γ = 0, the capacity level must equal the offered load in the system, which

is defined as the mean number of products that will be in use in steady-state when the

system has infinite capacity. Using a renewal theory argument, we can show that the

probability that a subscriber will be using a product in steady-state is λ
λ+µ

. Hence,

as the number of subscribers that join this system is nF̄
(

r+pn

m

)
, where m ≡ λµ

λ+µ
,

the offered load is n λ
λ+µ

F̄
(

r+pn

m

)
. This implies that if the price and capacity levels

converge as (pn, kn/n) → (p, k), then the capacity level k must equal λ
λ+µ

F̄
(

r+p
m

)
.

Thus, we obtain the following static optimization problem, that we call the nominal

problem. (This will be proved rigorously in Proposition 13.)

max
(p,k)∈R

2
+

pF̄

(
r + p

m

)
− kc

s.t. k =
λ

λ + µ
F̄

(
r + p

m

)
.

(4.3)

Noting that p cannot be extremal, we use the necessary condition for optimality,

that is, the first derivative of the objective function must be zero, to obtain that the

optimal subscription fee p̄ satisfies the relation

F̄

(
r + p̄

m

)
=

1

m
f

(
r + p̄

m

)(
p̄ − λ

λ + µ
c

)
, (4.4)
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and the optimal capacity level is given by k̄ = λ
λ+µ

F̄
(

r+p̄
m

)
. We then have the following

result.

Proposition 13. A sequence (pn
p , k

n
p ) is a nominal solution if γn → 0 and

(
pn, kn

n

)
→

(p̄, k̄).

4.1.2 Refining the nominal solution

We begin by defining the capacity imbalance in the system as the difference between

the number of servers and the offered load scaled by n. As derived earlier, this offered

load is n λ
λ+µ

F̄
(

r+pn

m

)
. Thus, for any sequence (pn, kn), the capacity imbalance is given

by

θn =
kn

n
− λ

λ + µ
F̄

(
r + pn

m

)
. (4.5)

The following lemma presents a “decay” condition on the asymptotically optimal

imbalance.

Lemma 17. For any asymptotically optimal sequence (pn, kn), lim supn→∞ |θn
√

n| <

∞.

We now focus on constructing an asymptotically optimal sequence (pn, kn) with

the associated equilibrium denial probability γn. Motivated by the above lemma,

we restrict our search to θn such that limn→∞ θn
√

n = θ, where θ ∈ R. We choose

pn = p̄+φn and kn = (k̄ +κn)n such that (pn, kn, θn) satisfy (4.5) and φn, κn → 0. In

fact we shall assume without loss of generality that φn
√

n → φ and κn
√

n → κ. We

can rewrite (4.5) using the Taylor series expansion of F̄
(

r+pn

m

)
about

(
r+p̄
m

)
to obtain

θn =
φn

µ
f

(
r + p̄

m

)
+ κn + o(φn), (4.6)

and hence

θ =
φ

µ
f

(
r + p̄

m

)
+ κ.

We are now ready to asymptotically characterize the denial probability for our system.
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Proposition 14. For a sequence (pn, kn) such that θ ≡ limn→∞ θn
√

n exists, γn
√

n →
γ given by

γ =

√
λ + µ

mF̄
(

r+p̄
m

) h

(
−
[
θ + f

(
r + p̄

m

)
(r + p̄)

γ

λ + µ

]√
λ + µ

mF̄
(

r+p̄
m

)
)

. (4.7)

Note that in the limit the denial probability solves a fixed point relation and is

a function of only the limiting capacity imbalance. In the following result, we show

that the profit is also a function of the capacity imbalance alone, and hence pricing

and capacity sizing are equivalent levers for the firm at the O(
√

n) scale.

Proposition 15. For a sequence (pn, kn) such that pn = p̄ + φn, kn = (k̄ + κn)n and

θ ≡ limn→∞ θn
√

n exists, the loss in profit function satisfies

lim
n→∞

Π̃n(pn, kn) = θc + p̄f

(
r + p̄

m

)
(r + p̄)γ/λ.

Therefore, any (pn, kn) that has the same limiting imbalance θ has the same asymptotic

loss in profit.

This result implies that the asymptotically optimal sequence is characterized by

the value of θ that minimizes limn→∞ Π̃n(pn, kn). Hence, the optimal asymptotic

capacity imbalance θ∗ solves

min
θ∈R

θc + p̄f

(
r + p̄

m

)
(r + p̄)γ/λ

s.t. (4.7).

Denoting z ≡ h′−1

(
cλmF̄( r+p̄

m )
(r+p̄)(λ+µ)p̄f( r+p̄

m )−(r+p̄)f( r+p̄
m )cλ

)
, the first order conditions im-

ply that the optimal denial probability and capacity imbalance are

γ∗ =

√
λ + µ

mF̄
(

r+p̄
m

) h(z)

θ∗ = −z

√
mF̄

(
r+p̄
m

)

λ + µ
− f

(
r + p̄

m

)
(r + p̄)

γ∗

λ + µ
.

(4.8)
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This optimality can be verified using the fact that h is a convex function (proved on

page 12 in Zeltyn and Mandelbaum (2005)).

We now characterize all asymptotically optimal sequences in the following theo-

rem.

Proposition 16. Any sequence (p̄ + φn∗, (k̄ + κn∗)n) for which φn∗

µ
f
(

r+p̄
m

)
+ κn∗ =

θ∗√
n

+ o
(

1√
n

)
is asymptotically optimal.

The equivalences of corrections in price and capacity levels suggests that the firm

could choose to keep one of the decisions at the nominal level and correct the other.

This is particularly useful if adjusting one of prices or capacity levels is difficult for

the firm. For example, in a DVD rental firm, one expects making changes to capacity

levels to be easier than changing prices. Hence, in this scenario the firm can set prices

at the nominal level and make corrections in the capacity level in accordance with

the equilibrium to achieve the asymptotically optimal solution. However, if changing

prices is easier than changing capacity, for example, in a car rental firm, then the firm

could do the opposite. This is summarized in the following result.

Corollary 2. The sequences (p̄, (k̄ + θ∗√
n
)n) and

(
p̄ + θ∗√

n
µ

f( r+p̄
m )

, k̄n

)
are asymptoti-

cally optimal.

We now mimic the arguments of this section to solve the firm’s optimization

problem when offering a pay-per-use option. Readers may choose to skip this section

and jump directly to the comparison of the two options in Section 4.3.

4.2 The Pay-per-use Option

We now consider the scenario where the firm offers a pay-per-use option instead of

the subscription. Namely, customers now pay each time they use the service. We

model the pay-per-use customers by a Poisson process with a potential rate of Λ̃.

For comparability of this system with the subscription option having n potential

subscribers, we shall equate the nominal load in both systems. The nominal load is

defined as the number of products that will be in use in steady-state in the system
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when all customers join and the system has infinite capacity. For a subscription based

system, this can be computed to be n λ
λ+µ

. Hence, we shall set Λ̃ = n λ
λ+µ

µ = nm.

As with the subscribers, the pay-per-use customers are sensitive to both the price

and the quality-of-service. In particular, the customers value each service at a random

value Sp that is drawn from a distribution identical to that of the subscribers. We

further assume that these customers have a reservation value of $rp per service. When

the system manager sets a pay-per-use price of pp per use, each customer compares the

expected value obtained by joining the system which is the probability of obtaining

the product times the value derived from using the product, i.e., (1−γ)(Sp−pp), with

her reservation value rp. Note that we are making this comparison with rp and not

(1−γ)rp. The rationale for this is that each customer that joins the system, but does

not get the product upon request incurs some cost, and as a means of quantifying

this cost we prohibit the customers from deriving their reservation value upon denial.

Thus, the total arrival rate of such customers Λ is given as a function of the

pay-per-use price and the denial probability by

Λ(pp, γ) = nmP ((1 − γ)(Sp − pp) > rp)

= nmF̄

(
rp

1 − γ
+ pp

)
.

The optimization problem of the system manager can be stated as

max
(pp,kp)∈R

2
+

pp(1 − γ)Λ(pp, γ) − kpc

s.t. γ = d(Λ(pp, γ), kp),

where d(Λ(pp, γ), kp) is the denial probability as a function of the arrival rate of the

customers and the number of products. As in Section 4.1 we shall approximately

solve this problem in the large market regime. We shall let n grow without bound

and use the superscript n to make explicit the dependence of the various parameters

on n, i.e., pn
p , kn

p , γn and Λ(pn
p , γ

n) denote the pay-per-use fee, the capacity level, the

denial probability and the rate of arrival of the pay-per-use customers respectively.
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The optimization problem can then be written as

max
(pn

p ,kn
p )∈R

2
+

Πn(pn
p , k

n
p ) ≡ pn

p (1 − γn)Λn(pn
p , γ

n) − kn
p c

s.t. γn = d(Λn(pn
p , γ

n), kn
p ).

With this setup, we try to find a sequence of prices and number of products (pn∗
p , kn∗

p )

that is optimal in the limiting regime as n → ∞.

4.2.1 Nominal solution

We begin by solving the nominal problem for this system analogous to (4.3) given by

max
(pp,kp)∈R2

+

ppmF̄ (rp + pp) − kpc

s.t. kp =
λ

λ + µ
F̄ (rp + pp).

It is easy to verify using the first order conditions that the nominal price p̄p satisfies

the relation

F̄ (rp + p̄p) =

(
p̄p −

c

µ

)
f(rp + p̄p) (4.9)

and the nominal capacity level k̄p = λ
λ+µ

F̄ (rp + p̄p). We then have the following

result.

Proposition 17. A sequence (pn
p , k

n
p ) is a nominal solution if γn → 0 and

(
pn

p ,
kn

p

n

)
→

(p̄p, k̄p).

4.2.2 Refining the nominal solution

As before, we define the capacity imbalance in the system as the difference between

the number of servers and the offered load in the absence of denials scaled by n. Thus,

for any sequence (pn
p , kn

p ), the capacity imbalance is given by

θn =
kn

p

n
− λ

λ + µ
F̄ (rp + pn

p ). (4.10)
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We now focus on constructing an asymptotically optimal sequence (pn
p , k

n
p ) with

the associated denial probability γn. An analog to Lemma 17 holds in this setting

as well which motivates us to restrict our search to θn such that limn→∞ θn
√

n = θ,

where θ ∈ R. We choose pn
p = p̄p+φn

p and kn
p = (k̄p+κn

p )n such that (pn
p , kn

p , θn) satisfy

(4.10) and φn
p , κ

n
p → 0. Further, we rewrite (4.10) using the Taylor series expansion

of F̄
(

rp

1−γn + pn
p

)
about (rp + p̄p) to obtain

θn =
φn

pm

µ
f (rp + p̄p) + κn

p + o(φn
p ).

The asymptotic denial probability can now be characterized as follows.

Proposition 18. For a sequence (pn
p , k

n
p ) such that θ ≡ limn→∞ θn

√
n exists, γn

√
n →

γ given by

γ =

√
µ

mF̄ (rp + p̄p)
h

(
−
[
θ + f (rp + p̄p)

m

µ
γrp

]√
µ

mF̄ (rp + p̄p)

)
. (4.11)

We now show that as in the case of the subscription option, the profit is a function

of the capacity imbalance alone, and hence pricing and capacity sizing are equivalent

levers for the firm at the O(
√

n) scale.

Proposition 19. For a sequence (pn
p , k

n
p ) such that pn

p = p̄p +φn
p , kn

p = (k̄ +κn
p )n and

θ ≡ limn→∞ θn
√

n exists, the loss in profit function satisfies

lim
n→∞

Π̃n(pn
p , kn

p ) = θc +
(
f (r + p̄p) rp + F̄ (rp + p̄p)

)
mp̄pγ.

This result implies that the asymptotically optimal sequence is characterized by

the value of θ that minimizes limn→∞ Π̃n(pn
p , kn

p ). Hence, the optimal asymptotic

capacity imbalance θ∗ solves

min
θ∈R

θc +
(
f (r + p̄p) rp + F̄ (rp + p̄p)

)
mp̄pγ

s.t. (4.11).

As before we use the first order conditions to characterize the optimal solution. Hence,
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denoting z ≡ h′−1
(

cF̄ (rp+p̄p)

(f(rp+p̄p)rp+F̄ (rp+p̄p))p̄pµ−crpf(rp+p̄p)

)
, the optimal denial probability

and capacity imbalance are given by

γ∗ =

√
µ

mF̄ (rp + p̄p)
h(z)

θ∗ = −z

√
mF̄ (rp + p̄p)

µ
− f (rp + p̄p) rpm

µ
γ∗.

(4.12)

We now characterize all asymptotically optimal sequences in the following result.

Proposition 20. Any sequence (p̄p+φn∗
p , (k̄p+κn∗

p )n) for which
φn∗

p m

µ
f(rp+ p̄p)+κn

p =

θ∗√
n

+ o
(

1√
n

)
is asymptotically optimal.

Having solved the firm’s optimization problem for both the subscription and the

pay-per-use options, we now turn our attention to their comparison. We will also

compare measures like social welfare and consumer surplus in these options.

4.3 Comparison

4.3.1 Quality-of-service: neither option dominates

Before comparing the profits in the two options, we address the issue as to whether it

is obvious that locking customers into subscription must be beneficial to the firm. We

compute the asymptotic quality-of-service levels (using Proposition 14 and Proposi-

tion 18) for both options at different capacity imbalance levels and compare them in

Figure 4.1. We set F (x) = e−x for x > 0, rs = rp = 0 (we shall henceforth use the

qualifying subscript s for terms pertaining to the subscription option in Section 4.1)

and λ = 5 and µ = 5
4

(so that m = 1) for these computations. The figure illustrates

that neither option dominates the other. In fact, at low capacity imbalance levels, the

pay-per-use option offers a higher quality-of-service, while the subscription option is

better at higher imbalance levels. Figure 4.1 can be explained loosely as follows. As

the number of subscribers that are On increases, the number of subscribers attempt-

ing decreases. Consequently, at high capacity levels, the denial probability seen by
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Figure 4.1: Comparison of quality-of-service in the two options

the subscribers is smaller than that seen by the pay-per-use customer stream whose

attempt rate is independent of the state of the system. Arguing similarly, the denial

probability can be explained to be higher in the subscription option at low capacity

levels.

4.3.2 Firm’s profits: subscription option always dominates

We now focus on establishing that the firm’s profits are higher in the subscription

option. We will normalize rs = rp = 0 and m = 1 for convenience. It is worth making

a comment about the analysis for general reservation values. Note that rs is a rate,

while rp is defined per usage. Hence, for these to be comparable we shall require that

rs = mrp.

We shall first compare the nominal profits in the two options. Comparing the first

order conditions that characterize the nominal solution (4.4) and (4.9), we observe

that p̄s = mp̄p and k̄s = k̄p. Further, the nominal profits are identical. Hence, we

shall compare the asymptotic loss in profit in the two options. Noting that h′−1 is a

function that does not have a closed form, proving such a claim in complete generality

is quite difficult. Instead we prove this result for a specific demand function and will



CHAPTER 4. OPERATIONAL BENEFITS OF SUBSCRIPTION SERVICES 50

provide numerical results for a few others. Denoting the optimal capacity imbalances

in the subscription and pay-per-use options by θ∗s and θ∗p respectively, we state the

primary result of this chapter.

Proposition 21. For the exponential demand function with F (x) = e−αx for x > 0,

for any constant α > 0, the firm’s asymptotic loss in profit is higher in the pay-per-use

option. Further, the capacity imbalance is lower in the subscription option, θs∗ < θp∗.

Noting that a linear combination of the corrections to the prices and capacity

constitutes the capacity imbalance, for a fixed capacity level, low capacity imbalances

imply lower prices. Hence, we observe that as firms can lock in subscribers, they have

effectively reduced their hedge against variability and can offer the same capacity

level at a lower price to obtain a higher profit.

Comparison of firm’s profits: numerical experiments

We now provide numerical results that demonstrate that the profits are higher when

the firm offers a subscription option for two demand functions: a linear demand

function and a Pareto demand function with constant price elasticity.

Linear demand. To obtain a linear demand function, we choose a uniform distri-

bution for the valuations, i.e., F (x) = x for 0 ≤ x ≤ 1. We numerically compute

the loss in profit for a large number of parameter values. In particular, we vary both

λ and the cost per server c, while choosing µ so that m = 1. In each instance we

observed that the loss in profit as well as the capacity imbalance were lower in the

subscription option. As a specific example, Table 4.1 compares the optimal imbal-

ances and the loss in profits for the two options as the cost per server varies with

λ = 2. We observe that the subscription option has a lower capacity imbalance and

realizes a lower loss in profit.

Iso-elastic demand. We choose a Pareto distribution for the valuations, namely,

F (x) = 1 − x−2 for x ≥ 1 which has a price elasticity of 2. Table 4.2 compares the

optimal imbalances and the loss in profits for the two options as λ varies with the
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Subscription Pay-per-use
c θ∗s Loss in Profit θ∗p Loss in Profit

0.01 1.070 0.012 1.516 0.017
0.5 0.109 0.263 0.389 0.371
1.0 -0.704 0.298 -0.051 0.422
1.5 -2.766 0.202 -0.396 0.286

Table 4.1: Subscription versus pay-per-use: linear demand

Subscription Pay-per-use
λ θ∗s Loss in Profit θ∗p Loss in Profit

1.1 -0.658 2.400 0.913 2.517
2 -0.208 0.759 0.389 1.073
5 -0.104 0.379 0.308 0.848
10 -0.069 0.253 0.290 0.800

Table 4.2: Subscription versus pay-per-use: Pareto demand

cost per server set at c = 1. We again choose µ so that m = 1. We observe that the

subscription option has a lower capacity imbalance and realizes a lower loss in profit.

4.3.3 Comparison of consumer surplus and social welfare

We shall construct examples for the exponential demand function to show that the

consumer surplus and social welfare can be higher or lower in the subscription option

as compared to the pay-per-use option.

We shall begin by computing the consumer surplus and social welfare in the two

options. We shall normalize rs = rp = 0 and m = 1 as before and denote p̄ ≡ p̄s = p̄p.

For a system with n subscribers, the consumer surplus can be written out as

CSn
s = n

∫ ∞

(pn(1+ γn

λ ))
F̄ (p)dp

=
e−αp̄

α
n −

(√
nφn∗

s +
√

n
γnp̄

λ
p̄

)
e−αp̄

α

√
n.
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Similarly, we can write out the consumer surplus for the pay-per-use customers as

CSn
p = n(1 − γn)

∫ ∞

pn

F̄ (p)dp

=
e−αp̄

α
n − (

√
nφn∗

p +
√

nγn)
e−αp̄

α

√
n.

Hence,

lim
n→∞

CSn
s

n
= lim

n→∞

CSn
p

n
=

e−αp̄

α
≡ CS.

As the firm’s profit can be completely characterized by the value of the capacity

imbalance θ, using Propositions 16 and 20 the firm can choose to set any value

of φn∗
i , i = s, p, and adjust the value of κn∗ to obtain the same profit. Hence,

denoting the loss in surplus (due to variability) from the nominal value as ĈSi =

limn→∞
√

n
(
CS − CSn

i

n

)
, we see that the firm can decrease ĈSi in an unbounded

fashion by increasing φ∗
i arbitrarily. Hence, the customers obtain a higher consumer

surplus when the firm sets low prices. This result can be explained in a different

manner. Note that if the firm sets any particular price, it can adjust the capacity level

so that the capacity imbalance, and hence the quality-of-service remains unchanged.

Thus, reducing prices while maintaining the same quality-of-service increases the

consumer surplus. Nevertheless, we shall compare the consumer surplus at fixed

price levels. In addition, we shall compare the social welfare, which in this case is the

sum of the consumer surplus and the firm’s profits. Table 4.3 displays the losses in

consumer surplus and social welfare for different values of the parameter c at fixed

λ = 2, prices set at the nominal values, and α = 1. We observe that for low values

of c, the loss in these measures are lower in the subscription option, while this is

reversed for high values of c.

For completeness, we shall solve the firm’s profit maximization problem when it

offers both the subscription and pay-per-use options.
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Subscription Pay-per-use
c Loss in CS Loss in SW Loss in CS Loss in SW

0.1 0.012 0.097 0.016 0.136
1 0.172 0.611 0.163 0.783
5 0.647 1.123 0.261 0.935
10 0.530 0.735 0.125 0.415

Table 4.3: Comparison of consumer surplus and social welfare

4.4 Offering Both Subscription and Pay-per-use

Options

We now consider the scenario when the firm offers both the options and wishes to

maximize the profits. We shall assume the demand functions N(ps, γ) and Λ(pp, γ)

associated with the subscribers and the pay-per-use customers respectively. We shall

assume that the valuation of the pay-per-use customers is drawn from a distribution

G, which may be different from F , with density g. The optimization problem of the

system manager is

max
(ps,pp,k)∈R

3
+

psN(ps, γ) + pp(1 − γ)Λ(pp, γ) − kc

s.t. γ = d(N(ps, γ), Λ(pp, γ), k),

where d(N(ps, γ), Λ(pp, γ), k) is the denial probability as a function of the number of

subscribers, arrival rate of the pay-per-use customers, and the number of products.

As in Section 4.1 we shall approximately solve this problem in the large market

regime. We shall let n grow without bound and use the superscript n to make

explicit the dependence of the various parameters on n, i.e., pn
s , pn

p kn, γn, Nn(pn
s , γ

n)

and Λ(pn
p , γ

n) denote the subscription fee, pay-per-use fee, the capacity level, the

denial probability, the number of subscribers and the rate of arrival of the pay-per-

use customers respectively. The optimization problem can then be written as

max
(pn

s ,pn
p ,kn)∈R

3
+

Πn(pn
s , p

n
p , kn) ≡ pn

s N
n(pn

s , γ
n) + pn

p (1 − γn)Λn(pn
p , γn) − knc

s.t. γn = d(Nn(pn
s , γ

n), Λn(pn
p , γ

n), kn).
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With this setup, we try to find a sequence of prices, both subscription and pay-per-

use, and number of products, (pn∗
s , pn∗

p , kn∗), that is optimal in the limiting regime as

n → ∞.

4.4.1 Nominal solution

We begin by solving the nominal problem for this system analogous to (4.3) given by

max
(ps,pp,k)∈R

3
+

psF̄

(
rs + ps

m

)
+ ppmḠ(rp + pp) − kc

s.t. k =
λ

λ + µ

(
F̄

(
rs + ps

m

)
+ Ḡ(rp + pp)

)
.

It is easy to verify using the first order conditions that the optimal prices p̄s, p̄p satisfy

the equations

F̄

(
rs + p̄s

m

)
=

1

m

(
p̄s −

λ

λ + µ
c

)
f

(
rs + p̄s

m

)
,

Ḡ(rp + p̄p) =

(
p̄p −

c

µ

)
g(rp + p̄p),

and the optimal number of products k̄ = λ
λ+µ

(
F̄
(

rs+p̄s

m

)
+ Ḡ(rp + p̄p)

)
. We then have

the following result.

Proposition 22. A sequence (pn
s , pn

p , kn) is a nominal solution if

γn → 0 and

(
pn

s , p
n
p ,

kn

n

)
→ (p̄s, p̄p, k̄).

4.4.2 Refining the nominal solution

As before, we define the capacity imbalance in the system as the difference between

the number of servers and the offered load in the absence of denials scaled by n. Thus,

for any sequence (pn
s , pn

p , kn), the capacity imbalance is given by

θn =
kn

n
− λ

λ + µ
F̄

(
rs + pn

s

m

)
− λ

λ + µ
Ḡ(rp + pn

p ). (4.13)
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We now focus on constructing an asymptotically optimal sequence (pn
s , p

n
p , k

n) with

the associated denial probability γn. An analog to Lemma 17 holds in this setting

as well which motivates us to restrict our search to θn such that limn→∞ θn
√

n = θ,

where θ ∈ R. We choose pn
s = p̄s + φn

s , pn
p = p̄p + φn

p and kn = (k̄ + κn)n such that

(pn
s , p

n
p , k

n, θn) satisfy (4.13) and φn
s , φn

p , κ
n → 0. Further, we rewrite (4.13) using the

Taylor series expansions of F̄
(

rs+pn
s

m

)
about

(
rs+p̄s

m

)
and Ḡ(rp + pn

p ) about rp + p̄p to

obtain the following.

θn =
λ

λ + µ

(
φn

s

m
f

(
rs + p̄s

m

)
+ φn

pg(rp + p̄p)

)
+ κn.

The asymptotic denial probability can now be characterized as follows.

Proposition 23. For a sequence (pn
s , p

n
p , k

n) such that θ ≡ limn→∞ θn
√

n exists, we

have

γn
√

n → γ =

h


−θ+f( rs+p̄s

m )(rs+p̄s)
γ

λ+µ
+ m

µ
g(rp+p̄p)γrp

s

mF̄( rs+p̄s
m )

λ+µ
+

mḠ(rp+p̄p)

µ




√
mF̄( rs+p̄s

m )
λ+µ

+ mḠ(rp+p̄p)
µ

. (4.14)

We now show that as in the case of the subscription and pay-per-use options, the

profit is a function of the capacity imbalance alone, and hence pricing and capacity

sizing are equivalent levers for the firm at the O(
√

n) scale.

Proposition 24. For a sequence (pn
s , pn

p , k
n) such that pn

s = p̄s + φn
s , pn

p = p̄p + φn
p ,

kn = (k̄ + κn)n and θ ≡ limn→∞ θn
√

n exists, the loss in profit function satisfies

lim
n→∞

Π̃(pn
s , p

n
p , k

n) = −cθ −
(

(rs + p̄s)

λ
p̄sf

(
rs + p̄s

m

)
+ mg(rp + p̄p)p̄prp

+ mp̄pḠ(rp + p̄p)

)
γ.

Hence, the asymptotically diffusion optimal sequence (pn∗
s , pn∗

p , kn) is characterized
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by the optimal capacity imbalance θ∗ that solves the following problem.

min
θ∈R

cθ +

(
(rs + p̄s)

λ
p̄sf

(
rs + p̄s

m

)
+ mg(rp + p̄p)p̄prp + mp̄pḠ(rp + p̄p)

)
γ

s.t (4.14).

(4.15)

We now characterize all asymptotically optimal sequences in the following result.

Proposition 25. Any sequence (p̄s + φn∗
s , p̄p + φn∗

p , (k̄ + κn∗)n) for which

λ

λ + µ

(
φn∗

s

m
f

(
rs + p̄

m

)
+ φn∗

p g(rp + p̄p)

)
+ κn =

θ∗√
n

+ o

(
1√
n

)

is asymptotically optimal, where θ∗ is the solution to (4.15).

4.5 Discussion

This chapter provides a technique for computing prices and capacity levels that ap-

proximately maximize a large rental firm’s profit. This technique is used to charac-

terize the asymptotically optimal solution in a subscription and a pay-per-use envi-

ronment and it is shown that the firm’s profit is higher in the subscription setting.

We have only considered the special case of the subscriber’s retrial rate, i.e., ν = λ,

in this chapter. The general case is quite difficult to analyze, even asymptotically (see

Section 3.1). However, we can use numerical experiments to perform comparative

statics on the retrial rate. In particular, as Table 4.4 demonstrates, for a linear

demand function with rs = 0 and cost per server c = 1, increasing the retrial rate

leads to an increase in the firm’s profits. Although increasing the retrial rate increases

the denial probability, it also enables the subscribers to obtain service quicker, and

hence leads to higher valuations. It is this latter effect that dominates and allows the

firm to extract higher profits. An analytical analysis of this phenomenon is a topic

for future work.

In this chapter, we only discussed static pricing and capacity sizing. One can

envisage dynamic admission control as in Savin, Cohen, Gans and Katalan (2005)
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Retrial rate, ν
0.1 1 2 4

-0.5 0.548 ± 0.014 0.329 ± 0.012 0.289 ± 0.008 0.287 ± 0.013
θ 0 0.594 ± 0.014 0.388 ± 0.010 0.340 ± 0.006 0.318± 0.004

0.5 0.686 ± 0.011 0.566 ± 0.003 0.544 ± 0.002 0.529 ± 0.002

Table 4.4: Firm’s loss in profits on the O(
√

n) scale with 95% confidence intervals for
general retrial rates

and dynamic pricing in the spirit of Maglaras (2003) and Çelik and Maglaras (2005).

These are topics for future work.

As a concluding note, we would like to comment on the distributional assumptions

made in this chapter. Although, we have made Markovian assumptions, the steady-

state distribution of the number-in-system for the subscription option depends on the

distribution of On and Off times only through the means of these distributions, while

for the pay-per-use option, the steady-state distribution of the number-in-system

depends on the Poisson arrival assumption and the mean of the service time (see

Section 3.1.1). In Section 5.2, we shall show this insensitivity of the steady-state

distributions carries through to the denial probabilities.



Chapter 5

Some Numerical Results and

Future Work

In this chapter our goal is to raise a bunch of questions that we have not answered

theoretically and try to answer them using numerical experiments. Answering these

questions theoretically is left for future work. All our questions are based on the basic

subscriber model of Chapter 2.

The first questions is when can we use the limit theory developed in this thesis,

or in other words, how large should the system in question be so that the asymptotic

limits derived can be applied to give reasonable estimates for this system? We tackle

this question in Section 5.1, where we show that the asymptotic estimates are valid

even for fairly small systems.

The next question is about the distributional assumptions made in the thesis.

Though the process level convergences depends heavily on the Markovian assump-

tions, we have seen that for the special case when the Off and Hold states are indis-

tinguishable, the steady-state distribution depends only on the means of the distribu-

tions, and not on any other moments. This itself is not sufficient for the denial rates,

and in turn the denial probabilities, to possess a similar insensitivity. In Section 5.2,

we show that though the denial rate seems to depend only on the means of the dis-

tributions for the special case, this is not true for the general case when the Off and

Hold states are distinguishable.

58
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The third question that we raise is about the loss system model. As there might

be systems where a queueing model is more appropriate, can our results be applied

to these settings? We note that as the retrial rate increases without bound our loss

system approaches a queueing system. In fact in Section 5.3 we show that this gap

is bridged for fairly low retrial rates, leading us to believe that our analysis can be

used to estimate parameters of interest for a queueing system as well.

Finally, we question the Poisson process approximation for arriving customers.

One expects that when there are a large number of subscribers, each of whom have

an extremely large mean time in the Off state, the resulting attempt process should

look like a Poisson process. In Section 5.4, we use simulations to show that for such

systems, the subscriber model asymptotic results yield better approximations than

those using the Poisson assumption.

5.1 Rate of Convergence

In this thesis, we have seen convergences of processes and their invariant measures.

However, nothing has been mentioned as to how quickly this convergence is observed,

namely, how large (or how small) should n be for these asymptotic results to be

valid? We again use simulation to demonstrate that these asymptotic results are

valid for fairly small n values. To do so, we set ν = λ = 1 and µ = 2. We vary n

from 10 to 1, 000 and compute the denial rate scaled by
√

n. We set the number of

servers kn = ⌊ λ
λ+µ

n⌋ = ⌊n/3⌋ and the simulation run length to 10, 000 time units.

The denial rates along with their 95% intervals are displayed in Table 5.1. For this

choice of parameters, Proposition 6(a) yields that the scaled denial rate converges to
√

2h(0) = 1.128.

Observe that for n = 10 the asymptotic approximation is about 9% away from

the true values, while for n = 100 this figure is about 3.5%, and it further reduces to

1% for n = 1000. This provides a basis for using the diffusion approximations even

when n is fairly small.
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Number of Subscribers, n
10 100 1000 ∞

1.030 ± 0.020 1.089 ± 0.014 1.116 ± 0.0155 1.128

Table 5.1: Scaled denial rates

On Time
cv = 0 cv = 0.1 cv = 1 cv = 10

cv = 0 0 ± 0 0.739 ± 0.024 0.737 ± 0.007 0.742 ± 0.075
Off cv = 0.1 0.739 ± 0.011 0.728 ± 0.132 0.740 ± 0.006 0.729 ± 0.070

Time cv = 1 0.738 ± 0.007 0.738 ± 0.007 0.739 ± 0.008 0.726 ± 0.054
cv = 10 0.755 ± 0.083 0.739 ± 0.126 0.762 ± 0.118 0.731 ± 0.139

Table 5.2: Denial rates for subscribers with general holding times

5.2 Relaxing Markovian Assumptions

We know that for the special case when the Hold and Off states are indistinguishable

for the subscribers, the steady-state distribution of the number-in-system process

depends only on the means of the On and Off time distributions. This is proved in

Cohen (1957) and can also be derived from Proposition 9 in Chapter 3. This result

immediately implies that the denial rate and the denial probability also depend only

on the means of these distributions when the On times are exponentially distributed.

We conjecture that this result holds for general On time distributions that have

densities as well, and we illustrate this via a simulation study.

We choose four different distributions with the coefficient of variant varying from

0 to 10. In each case we set the Hold and Off time distributions identical. We set

the mean Off time at 1 and On time at 0.5. The four distributions that we use for

the Off time are: (a) Deterministic, coefficient of variation (cv)=0; (b) Erlang(n =

100, 2), cv = 0.1; (c) Exponential, cv = 1; and (d) Hyper-exponential: distributed

as Exponential(100) with probability p = 0.9902 and Exponential(0.009898) with

probability 1−p, cv = 10. The four distributions that we use for the On time are: (a)

Deterministic, cv = 0; (b) Erlang(n = 100, 2), cv = 0.1; (c) Exponential, cv = 1; and

(d) Hyper-exponential: distributed as Exponential(100) with probability p = 0.9904

and Exponential(0.0196) with probability 1 − p, cv = 10.
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ν=10 ν =100 ν=1000 Queue
10 8.033 ± 0.094 8.010 ± 0.0622 7.998 ± 0.06 8.000 ± 0.015

n 100 20.838 ± 0.551 20.065 ± 0.345 20.092 ± 0.338 20.0213 ± 0.129
1000 67.068 ± 1.092 64.236 ± 1.078 63.922 ± 1.99 63.980 ± 0.455

Table 5.3: Using increasing retrial rates to model a queue

The length of the simulation is set at 100, 000 time units, which is sufficiently long

to observe the steady-state behavior. We run simulations for systems with n = 10

subscribers and 5 servers, and the denial rates for each case are reported in Table 5.2

along with 95% confidence intervals based on 20 independent simulation runs. We

can see that other than the completely deterministic case, where the On and Off

times line up so that there are no denied attempts, the denial rates obtained are

quite insensitive to the actual distribution.

5.3 Increasing Retrial Rates: A Queueing Limit

If the retrial rates increase in an unbounded fashion, we expect the system to begin

to behave more like a queueing system, where upon being denied service people wait

in a buffer instead of retrying. In fact, we can argue that in a system with retrial

rate ν the denial rate, the rate at which customers are turned away or denied service,

can be written as βn(ν) = (n − kn)λπn(Qn
1 (t) = kn) + (ν − λ)Eπn [Qn

2 (t)|Qn
1 (t) =

kn], where Qn
1 (t) and Qn

2 (t) are the number of subscribers in service and waiting

to retry respectively, at time t, πn is the stationary measure and Eπn refers to the

expectation with respect to the stationary measure. Hence, we obtain limν→∞
βn(ν)

ν
=

limν→∞ Eπn [Qn
2 |Qn

1 = kn], which can be loosely argued to equal the expected queue

length in the queueing model. We verify this convergence via simulation. We set λ =

µ = 2 and compute βn(ν)
ν

for different values of ν and compare this with the expected

queue length estimates for the queueing model. We perform these experiments for

different values of n. The results displayed in Table 5.3 suggest the conjectured

convergence. In fact, even for small values of the retrial rate, the ratio of the denial

rate estimate to the retrial rate is quite close to the expected queue length estimate.
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5.4 The Subscriber Model versus the Poisson As-

sumption

The justification for a Poisson arrival model stems from the Palm-Khintchine theory

(see Heyman and Sobel (1982)) which implies that the superposition of many renewal

processes, each with rate diminishing to zero, results in a Poisson process. This

suggests that if for an infinite server system, the number of subscribers n grows

without bound, while the rate at which each subscriber attempts for a server λn

converges to 0 such that nλn → C, where C is a constant, then the arrival process

generated by the n subscribers converges to a Poisson process of rate C.

It can be shown for a finite server loss system that if nλn = O(nx), for some

0 < x < 1 and the number of servers kn = k1n
x + k2n

x
2 , then denoting the number of

servers in use at time t by Qn(t), we obtain the following asymptotic results.

Proposition 26. If n1−xλn → C for some C > 0, 0 < x < 1, and Qn(0)
nx → q̄ =

min
(
k1,

C
µ

)
a.s., then

(a) Qn(·)
nx → q̄.

(b) If k1 = C
µ

and n−x
2 (Qn(0) − kn) ⇒ Q̂(0), then n−x

2 (Qn(·) − kn) ⇒ Q̂(·), where

Q̂(t) is given by

Q̂(t) = Q̂(0) − µ

∫ t

0

(Q̂(t) + k2)dt +
√

2CB(t) − Y (t),

where B is a standard Brownian motion and Y (·) is the non-decreasing, non-

negative process such that
∫ t

0
Q̂(u)dY (u) = 0 for all t ≥ 0 and Y (0) = 0.

(c) The denial rate converges as

lim
n→∞

n−x
2 Dn(kn) =

√
µC h

(
−k2

√
µ

C

)
.

We now construct systems with large number of subscribers n, each with small
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n λ Servers Simulation Subscriber Poisson
10 13.81 ± 0.10 15.24 15.51

1, 000 0.032 15 6.51 ± 0.13 7.38 7.71
20 1.88 ± 0.06 2.07 2.30
30 15.08 ± 0.20 16.27 16.60

5,000 0.014 35 8.37 ± 0.20 9.13 9.44
40 3.60 ± 0.11 3.89 4.12
40 24.63 ± 0.22 26.05 26.39

10,000 0.01 50 10.18 ± 0.22 10.97 11.28
60 2.05 ± 0.09 2.11 2.25
140 48.83 ± 0.51 50.41 50.80

100,000 0.0032 160 19.01 ± 0.38 19.86 20.19
170 2.91 ± 0.16 2.95 3.07

Table 5.4: Comparison of denial rate approximations

attempt rates λn and the retrial rate νn = λn, and compare the asymptotic approxi-

mations of the denial rates suggested by the subscriber model and the Poisson model

to the true values, which we obtain via simulation. The results for µ = 2 and λn = 1√
n

are summarized in Table 5.4. The simulation results are presented along with 95%

confidence intervals. The Poisson approximations are made using x = 0.5. These

results demonstrate that the subscriber model provides a better approximation of

the denial rates. Thus, by modeling customers as subscribers, we can improve the

resolution of the performance measures without losing tractability.



Appendix A

Proofs of Results in Chapter 2

The main convergence results of this chapter, namely Propositions 1, 2, and 4 are

special cases of Theorem 1 of Chapter 3 and are omitted for brevity. Proposition 4(a)

and (b) are also proved, albeit in a different manner, in Theorem 4.1 in Srikant and

Whitt (1996).

Proof of Lemma 2. We associate N(·) with a standard Brownian motion B(·) such

that the strong approximation result in (1.1) of Lemma 1 holds, which suggests the

following.

An(t) = λ

∫ t

0

(n − Qn(s))ds + B

(
λ

∫ t

0

(n − Qn(s))ds

)

+ O

(
log

(
2 ∨ λ

∫ t

0

(n − Qn(s))ds

))
.

Using Proposition 2(a) in addition to this relation implies

lim
n→∞

An(·)
n

→ m·,

and further, using the weak convergence result in Proposition 2(b), we obtain

lim
n→∞

√
n

(
An(·)

n
− m·

)
⇒ −λ

∫ ·

0

(Q̂(s) + k2)ds + B (m·) .

64
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Proof of Proposition 6. We shall only prove (a) as the proof of (b) follows in an

identical fashion. Let us first obtain an expression for Dn(kn). To do so, we write

Qn(t), t ≥ 0, as follows

Qn(t) = Qn(0) + Na

(
λ

∫ t

0

(n − Qn(s))ds

)
− Nd

(
µ

∫ t

0

Qn(s)ds

)
− Y n(t), (A.1)

where

Y n(·) = Na

(
λ

∫ t

0

(n − Qn(s))ds

)
− Na

(
λ

∫ t

0

1{Qn(s)<kn}(n − Qn(s))ds

)

counts the number of denied attempts. Denoting the invariant distribution of Qn by

πn, we have

lim
t→∞

Na
(
λ
∫ t

0
(n − Qn(s))ds

)

t
= λ

(
n − 1

t

∫ t

0

Qn(s)ds

)

= λ (n − EπnQn(0)) ,

(A.2)

where we use the fact that Qn(·) is a positive recurrent Markov chain on a finite

state-space, and hence ergodic. Similarly,

lim
t→∞

Nd
(∫ t

0
µQn(s)ds

)

t
= µEπnQn(0). (A.3)

Using (A.2) and (A.3) in (A.1), we obtain

Dn(kn) = lim
t→∞

Y n(t)

t
= λn − (λ + µ)EπnQn(0).

Hence, Dn(kn)/
√

n = −(λ + µ)Eπn(Q̂n(0) + k2). We now use Proposition 12 from

Section 3.3 that proves that Eπ̂nQ̂n(0) → Eπ̂Q̂(0) to obtain

Dn(kn)√
n

→ −(λ + µ)Eπ̂(Q̂(0) + k2).
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Using Proposition 3 we can compute

Eπ̂(Q̂(0)) = −k2 −
√

m

λ + µ
h

(
−k2

√
λ + µ

m

)
,

which implies that

Dn(kn)√
n

→
√

λµ h

(
−k2

√
λ + µ

m

)
.



Appendix B

Proofs of Results in Chapter 3

Proof of Lemma 3. For convenience we shall fix n > 0 and drop it from the notation.

We shall argue on the same lines as in Theorem 9.2 in Mandelbaum, Massey and

Reiman (1998). Let Q̄r = {Q̄r(t) : t ≥ 0} for r = 0, 1, . . . , where Q̄0(t) = Q(0) for

t ≥ 0 and for r > 0, Q̄r is given by

Q̄r(t) ≡Q(0) + Na

(∫ t∧T r

0

1{Q̄r−1
1 (u)+Q̄r−1

2 (u)<k}λ(Q̄r−1(u))du

)

− Nd

(∫ t∧T r

0

µ(Q̄r−1(u)) du

)

+ N r

(∫ t∧T r

0

1{Q̄r−1
1 (u)+Q̄r−1

2 (u)<k}νQ̄r−1
3 (u) du

)
(1, 0,−1)′

+
(
0, 0, ∆Na

1 (Q̄r−1
1 , Q̄r−1

2 , Q̄r−1
3 )(t ∧ T r)

)′
,

(B.1)

where the time for r events to occur T r is given by

T r = inf

{
t : Na

(∫ t

0

1{Q̄r−1
1 (u)+Q̄r−1

2 (u)<k}λ(Q̄r−1(u)) du

)′
e

+ Nd

(∫ t

0

µ(Q̄r−1(u)) du

)′
e + N r

(∫ t

0

1{Q̄r−1
1 (u)+Q̄r−1

2 (u)<k}νQ̄r−1
3 (u) du

)

+ ∆Na
1 (Q̄r−1

1 , Q̄r−1
2 , Q̄r−1

3 )(t) = r

}
,

67
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where e = (1, 1, 1)′. Note that given Q̄r−1, Q̄r is well defined for each r.

To complete the proof, we only need to show

(a) Q̄r(t) = Q̄r−1(t) for all 0 ≤ t < T r.

(b) limr→∞ T r = ∞ a.s.

The solution to (3.1) Q can be constructed by setting

Q(t) = Q̄r−1(t) for all 0 ≤ t < T r.

Uniqueness then follows by using induction on r and noting that (B.1) implies that

the uniqueness of Q̄r follows from uniqueness of Q̄r−1.

Note that the second claim follows trivially as Q̄r is bounded. We prove the first

claim using induction on r. The case r = 1 holds trivially as Q̄1(t) = Q̄0(t) = Q(0)

for t < T 1. Now assume that Q̄r(t) = Q̄r−1(t) for all 0 ≤ t < T r for some r ∈ N, then

Na

(∫ t∧T r

0

1{Q̄r
1(u)+Q̄r

2(u)<k}λ(Q̄r(u)) du

)
= Na

(∫ t∧T r

0

1{Q̄r−1
1 (u)+Q̄r−1

2 (u)<k}λ(Q̄r−1(u)) du

)

Nd

(∫ t∧T r

0

µ(Q̄r(u)) du

)
= Nd

(∫ t∧T r

0

µ(Q̄r−1(u)) du

)

N r

(∫ t∧T r

0

1{Q̄r
1(u)+Q̄r

2(u)<k}νQ̄r
3(u) du

)
= N r

(∫ t∧T r

0

1{Q̄r−1
1 (u)+Q̄r−1

2 (u)<k}νQ̄r−1
3 (u) du

)
,

∆Na
1 (Q̄r

1, Q̄
r
2, Q̄

r
3)(t ∧ T r) = ∆Na

1 (Q̄r−1
1 , Q̄r−1

2 , Q̄r−1
3 )(t ∧ T r)

for 0 ≤ t ≤ T r, which implies that Q̄r+1(t) = Q̄r(t) for 0 ≤ t ≤ T r.

For T r ≤ t < T r+1,

Na

(∫ t

0

1{Q̄r
1(u)+Q̄r

2(u)<k}λ(Q̄r
1(u)) du

)
= Na

(∫ T r

0

1{Q̄r
1(u)+Q̄r

2(u)<k}λ(Q̄r
1(u)) du

)

= Na

(∫ T r

0

1{Q̄r−1
1 (u)+Q̄r−1

2 (u)<k}λ(Q̄r−1
1 (u)) du

)

Nd

(∫ t

0

µ(Q̄r(u)) du

)
= Nd

(∫ T r

0

µ(Q̄r(u)) du

)
= Nd

(∫ T r

0

µ(Q̄r−1(u)) du

)
.
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Similarly,

N r

(∫ t

0

1{Q̄r
1(u)+Q̄r

2(u)<k}νQ̄r
3(u) du

)
= N r

(∫ t∧T r

0

1{Q̄r−1
1 (u)+Q̄r−1

2 (u)<k}νQ̄r−1
3 (u) du

)
,

∆Na
1 (Q̄r

1, Q̄
r
2, Q̄

r
3)(t) = ∆Na

1 (Q̄r−1
1 , Q̄r−1

2 , Q̄r−1
3 )(t ∧ T r)

Hence, Q̄r+1(t) = Q̄r(t) = Q̄r(T r) for T r ≤ t < T r+1. Therefore, Q̄r+1(t) = Q̄r(t) for

0 ≤ t < T r+1 and the inductive hypothesis holds.

Proof of Lemma 4(a). We shall prove the result for the case k1 = λ
λ+µ

+ λ1

µ
; the proof

for the case k1 > λ
λ+µ

+ λ1

µ
follows in a similar fashion.

Using Lemma 7 and the fact that q̄(·) = ( λ
λ+µ

, λ1

µ
, 0)′ and k1 = λ

λ+µ
+ λ1

µ
, we obtain

(qn(0) − q̄(0)) +

(
0,

λ2√
n

t, 0

)′
− (1, 1, 0)′ sup

0≤s≤t
(Xn

1 (s) + Xn
2 (s) − (q̄1(0) + q̄2(0)))+

+ αn(t) + δn(t) +

(∫ t

0

((λ + µ)(q̄1(u) − qn
1 (u)) + (ν − λ)qn

3 (u))du, 0, 0

)′

(
0, µ

∫ t

0

(q̄2(u) − qn
2 (u))du,−ν

∫ t

0

qn
3 (u)du

)′

≤ (qn(t) − q̄(t))

≤ (qn(0) − q̄(0)) +

(
0,

λ2√
n

t, 0

)′
+ (0, 0, 1)′ sup

0≤s≤t
(Xn

1 (s) + Xn
2 (s) − (q̄1(0) + q̄2)(0))+

+ αn(t) + δn(t) +

(∫ t

0

((λ + µ)(q̄1(u) − qn
1 (u)) + (ν − λ)qn

3 (u))du, 0, 0

)′

+

(
0, µ

∫ t

0

(q̄2(u) − qn
2 (u))du,−ν

∫ t

0

qn
3 (u)du

)′
.

This suggests the following relation.

‖ qn − q̄ ‖t ≤ |qn(0) − q̄(0)| + max(λ + µ, ν, |ν − λ|)
∫ t

0

‖ qn − q̄ ‖udu +
λ2√
n

t

+ ‖ αn ‖t + ‖ δn ‖t + 2‖ Xn − q̄ ‖t
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≤ 3
(
|qn(0) − q̄(0)| + max(λ + µ, ν, |ν − λ|)

∫ t

0

‖ qn − q̄ ‖udu +
λ2√
n

t

+ ‖ αn ‖t + ‖ δn ‖t

)
.

Using Gronwall’s Lemma we obtain

‖ qn − q̄ ‖T ≤
(
|qn(0) − q̄(0)| + λ2√

n
T + ‖ αn ‖T + ‖ δn ‖T

)
eDT , (B.2)

where D is a constant. We will now show that ‖ αn ‖T , ‖ δn ‖T → 0, which will

complete the result. We will first show that ‖ Ma,n ‖T → 0 a.s. Now as qn
i ≥ 0 for

i = 1, 2, 3, the following holds for i = 1, 2:

‖ N̄a
i

(∫ ·

0

1{Qn
1 (u)+Qn

2 (u)<kn}λ
n(Qn(u)) du

)
‖T ≤ ‖ N̄a

i (Cn·) ‖T

for some constant C > 0. Using the Functional Law of Large Numbers, we obtain

‖ 1
n
N̄a

i (n·) ‖T → 0 a.s, which implies that ‖ 1
n
N̄a (Cn·) ‖T → 0 a.s. Hence, ‖ δn ‖T →

0 a.s. Similarly as qn
i are bounded above,

‖ N̄d
i

(∫ ·

0

1{Qn
1 (u)+Qn

2 (u)<kn}µ(Qn(u)) du

)
‖T → 0, a.s., and

‖ N̄ r

(∫ ·

0

1{Qn
1 (u)+Qn

2 (u)<kn}νQn
3 (u) du

)
‖T → 0, a.s.

Hence, ‖ αn ‖T → 0 a.s.

Proof of Lemma 4(b). We use Lemma 7 to obtain the following relation for qn(·) ≡
Qn(·)

n
:

qn
1 (t) = qn

1 (0) +

∫ t

0

[λ − (λ + µ)qn
1 (s) + (ν − λ)qn

3 (s)]ds + αn
1 (t)

−
∫ t

0

((1 − qn
1 (s))λ + (ν − λ)qn

3 (s))1{qn
1 (s)+qn

2 (s)=κn}ds

(B.3)
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qn
2 (t) = qn

2 (0) +

∫ t

0

[λ1 − µqn
2 (s)]ds +

λ2√
n

t

+ αn
2 (t) −

∫ t

0

(
λ1 +

λ2√
n

)
1{qn

1 (s)+qn
2 (s)=κn}ds,

(B.4)

qn
3 (t) = qn

3 (0) −
∫ t

0

νqn
3 (s)ds + δn

3 (t)

+

∫ t

0

((1 − qn
1 (s))λ + (ν − λ)qn

3 (s))1{qn
1 (s)+qn

2 (s)=κn}ds.

(B.5)

where αn and δn are defined in (3.18) and (3.19) respectively.

Define yn = {
∫ t

0
1{qn

1 (s)+qn
2 (s)=κn}ds : t ≥ 0} ∈ DR[0,∞). Observe that yn is

uniformly Lipschitz, and hence absolutely continuous. Further, {yn(·)} is a family

of equicontinuous and point-wise bounded functions defined on a separable space.

Hence, using the Ascoli-Arzelá theorem (see Corollary 7.41 in Royden (1988)), we

obtain the existence of a uniformly convergent subsequence. Let nk index the subse-

quence such that ynk → y. We shall now show that the sequence {qnk(·)} is Cauchy

in the uniform norm. Using (B.3-B.5) we obtain

‖ qnk − qnl ‖t

≤‖ qnk(0) − qnl(0) ‖ +K

∫ t

0

‖ qnk − qnl ‖sds + λ2|1/
√

nk − 1/
√

nl|t + ‖ αnk − αnl ‖t

+ ‖ δnk − δnl ‖t + λ‖
∫ ·

0

(1 − qnk
1 (s))dynk(s) −

∫ ·

0

(1 − qnl
1 (s))dynl(s) ‖t

+ (ν − λ)‖
∫ ·

0

qnk
3 (s)dynk(s) −

∫ ·

0

qnl
3 (s)dynl(s) ‖t + λ1‖ ynk − ynl ‖t

+ λ2‖ ynk/
√

nk − ynl/
√

nl ‖t

≤‖ qnk(0) − qnl(0) ‖ +K

∫ t

0

‖ qnk − qnl ‖sds + λ2|1/
√

nk − 1/
√

nl|t + ‖ αnk − αnl ‖t

+ ‖ δnk − δnl ‖t + λ‖
∫ ·

0

(1 − qnk
1 (s))dynk(s) −

∫ ·

0

(1 − qnl
1 (s))dynk(s) ‖t

+ λ‖
∫ ·

0

(1 − qnl
1 (s))dynk(s) −

∫ ·

0

(1 − qnl
1 (s))dynl(s) ‖t

+ (ν − λ)‖
∫ ·

0

qnk
3 (s)dynk(s) −

∫ ·

0

qnl
3 (s)dynk(s) ‖t
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+ (ν − λ)‖
∫ ·

0

qnl
3 (s)dynk(s) −

∫ ·

0

qnl
3 (s)dynl(s) ‖t + λ1‖ ynk − ynl ‖t

+ λ2‖ ynk/
√

nk − ynl/
√

nl ‖t

≤‖ qnk(0) − qnl(0) ‖ +K

∫ t

0

‖ qnk − qnl ‖sds + λ2|1/
√

nk − 1/
√

nl|t + ‖ αnk − αnl ‖t

+ ‖ δnk − δnl ‖t + K1

∫ t

0

‖ qnk − qnl ‖sds + K2‖ ynk − ynl ‖t

+ λ2‖ ynk/
√

nk − ynl/
√

nl ‖t

≤ (‖ qnk(0) − qnl(0) ‖ +λ2|1/
√

nk − 1/
√

nl|t + ‖ αnk − αnl ‖t + ‖ δnk − δnl ‖t

+ K2‖ ynk − ynl ‖t + λ2‖ ynk/
√

nk − ynl/
√

nl ‖t)e
K3t,

where K, K1, K2 and K3 are constants. As qn(0) is assumed to converge and the

fact that αn, δn → 0 (as in Lemma 4(a)), we obtain that {qnk(·)} is Cauchy, and as

DR3[0,∞) is complete, qnk → q̄ ∈ DR3[0,∞). Further, note that {yn} also describes a

family of measures defined on the Borel σ-field on [0,∞). Using the bounded conver-

gence theorem, we can now argue the existence of a uniformly convergent subsequence

for

ỹn ≡
{∫ t

0

(λ(1 − qn
1 (s)) + (ν − λ)qn

3 (s))dyn(s) : t ≥ 0

}
.

Specifically,

ỹnk → ỹ ≡
{∫ t

0

((1 − q̄1(s))λ + (ν − λ)q̄3(s)dy(s) : t ≥ 0

}
. (B.6)

Then q̄(·) satisfies

q̄1(t) = q̄1(0) +

∫ t

0

[λ − (λ + µ)q̄1(s) + (ν − λ)q̄3(s)]ds − ỹ(t)

q̄2(t) = q̄2(0) +

∫ t

0

[λ1 − µq̄2(s)]ds − λ1y(t)

q̄3(t) = q̄3(0) − ν

∫ t

0

q̄3(s)ds + ỹ(t).
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Differentiating the above with respect to t and using (B.6), we obtain

˙̄q1(t) = λ − (λ + µ)q̄1(t) + (ν − λ)q̄3(t) − ((1 − q̄1(t))λ + (ν − λ)q̄3(t))ẏ(t)

˙̄q2(t) = λ1 − µq̄2(t) − λ1ẏ(t)

˙̄q3(t) = −νq̄3(t) + ((1 − q̄1)λ + (ν − λ)q̄3(t))ẏ(t).

If q̄1(t) + q̄2(t) = k1 for any t ≥ 0, then ˙̄q1(t) + ˙̄q2(t) ≤ 0, which implies that

ẏ(t) ≥ 1 − µk1

(1 − q̄1(t))λ + (ν − λ)q̄3(t) + λ1

> 0.

Hence, by the definition of y we obtain ẏ(t) = 1− µk1

(1−q̄1(t))λ+(ν−λ)q̄3(t)+λ1
for t such that

q̄1(t) + q̄2(t) = k1. Hence, for q̄(0) = ¯̄q(0), we obtain ˙̄q(0) = 0, which implies that

q̄(t) = q̄(0) for all t ≥ 0. As the limit is independent of the convergent subsequence,

we obtain qn → ¯̄q. .

Proof of Lemma 5. Using the Lipschitz continuity of the reflection map Φ̃0 and the

fact that the drift terms are linear, we obtain the existence of a unique strong solution

to (3.5-3.7) by applying Theorem 2.1 in Atar, Budhiraja and Dupuis (2001).

Proof of Lemma 6. We shall first show that π̂ must be the density of an invariant

distribution of X(·), and then prove that X(·) must have a unique invariant distri-

bution to complete the proof. Proceeding as in the proof of Theorem 1 in Heyman,

Lakshman and Neidhardt (1997), we observe that for π̂ to be density corresponding

to an invariant distribution, the following balance relations must hold for any feasible

state (js, xs, jp, xp). If |js| + jp < k,

∑

u∈U

∂xs
u
π̂(js, xs, jp, xp) +

jp∑

i=1

∂xp
i
π̂(js, xs, jp, xp)

+
∑

u∈js

π̂(js \ {u}, xs − xs
ue

n,u, jp, xp)G′(xu) +
∑

u/∈js

π̂(js ∪ {u}, xs − xs
ue

n,u, jp, xp)F ′(xu)

+

jp∑

i=1

π̂(js, xs, jp − 1, xp − xp
i e

jp,i)λn
pG

′(xp
i ) + π̂(js, xs, jp + 1, xp)

− λn
p π̂(js, xs, jp, xp) = 0,

(B.7)
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where eℓ,m ∈ R
ℓ with eℓ,m

k = 0 for k 6= m and eℓ,m
m = 1, and if |js| + jp = k,

∑

u∈U

∂xs
u
π̂(js, xs, jp, xp) +

jp∑

i=1

∂xp
i
π̂(js, xs, jp, xp)

+
∑

u∈js

π̂(js \ {u}, xs − xs
ue

n,u, jp, xp)G′(xu) +
∑

u/∈js

π̂(js, xs − xs
ue

n,u, jp, xp)F ′(xu)

+

jp∑

i=1

π̂(js, xs, jp − 1, xp − xp
i e

jp,i)λn
pG′(xp

i ) = 0.

(B.8)

Using the value of π̂ from (3.13) and using the local balance equations that πs and

πp satisfy, we see that (B.7) and (B.8) hold.

Now, all that is left is to prove the uniqueness. We shall switch to a discrete time

version of X to prove this result. To this effect, fix a sequence of time instants tn such

that tn ↑ ∞. Then {Xn = X(tn) : n ≥ 1} is an irreducible, discrete time Markov

chain with the same state space as X. As any invariant distribution for X is invariant

for Xn, the chain Xn must have at least one invariant distribution.This allows us to

conclude that Xn must have a unique invariant distribution (c.f. Proposition 10.1.1

and Theorem 10.0.1 in Meyn and Tweedie (1993)). This directly implies that X must

have a unique invariant distribution.

Proof of Lemma 8. Using (3.26), we have for any process Z ∈ DR3[0,∞), Φ̃a(Z)(t) =

Z(t)+R̃Y (t), where Y is a non-negative, non-decreasing process such that n̂′R̃Y (t) =

− sup0≤s≤t (Z1(s) + Z2(s) − a)+ . Using this representation of Φ̃, we obtain

‖ Φ̃a(Z
1) − Φ̃a(Z

2) ‖T

≤ ‖ Z1 − Z2 ‖T

+
max(m, λ1)

m + λ1
‖ sup

0≤s≤t

(
Z2

1 + Z2
2 − a

)+
(s) − sup

0≤s≤t

(
Z1

1 + Z1
2 − a

)+
(s) ‖T

≤ K‖ Z1 − Z2 ‖T ,

where the second inequality follows by noting that for any two real functions f, g

we have | sup0≤s≤t f(s) − sup0≤s≤t g(s)| ≤ sup0≤s≤t |f(s) − g(s)| and the fact that
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‖ Z2
1 + Z2

2 − (Z1
1 + Z1

2 ) ‖T ≤ 2‖ Z1 − Z2 ‖T . Hence, the mapping is Lipschitz contin-

uous with the constant K = 1 + 2max(m,λ1)
m+λ1

.

Proof of Lemma 9. We associate the independent unit rate Poisson processes Na
i (·),

i = 1, 2, Nd
j (·), j = 1, 2, and N r(·) with a family of independent standard Brownian

motions Ba
i (·), i = 1, 2, Bd

j (·), j = 1, 2, and Br(·) such that the strong approximation

result in (1.1) of Lemma 1 holds. In particular, there exist random variables Xz
i for

z ∈ {a, d} and i = 1, 2 and Xr, such that

Xz
i ≡ sup

t≥0

|N z
i (t) − t − Bz

i (t)|
log(2 ∨ t)

< ∞,

and

Xr ≡ sup
t≥0

|N r(t) − t − Br(t)|
log(2 ∨ t)

< ∞,

Moreover, Xz
i and Xr are i.i.d and have finite means. We can write

M̃n
1 (t) =

1√
n

(M̃a,n
1 (t) − M̃d,n

1 (t))

=
1√
n

Ba
1

(∫ t

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}(1 − Q̃n
1 (u) − Q̃n

3 (u))λdu

)

+
1√
n

Br

(∫ t

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}νQ̃n
3 (u)+du

)
− 1√

n
Bd

1

(
µQ̃n

1 (u)+du
)

+
1√
n

log(2 ∨ Knt)

d
= B∗a

(∫ t

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}(1 − q̃n
1 (u) − q̃n

3 (u))λdu

)

+ B∗r
(∫ t

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}νq̃n
3 (u)+du

)
− B∗d (µq̃n

1 (u)+du
)

+
1√
n

log(2 ∨ Knt),

where K is a constant and B∗z for z ∈ {a, d, r} is a family of independent standard

Brownian motions. The equality in distribution holds uniformly on compact sets and

is due to the self-similar nature of standard Brownian motion. Note the argument of
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the Brownian motion B∗a can be rewritten as follows.

∫ t

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}(1 − q̃n
1 (u) − q̃n

3 (u))λdu =

∫ t

0

(1 − q̃n
1 (u) − q̃n

3 (u))λdu

−
∫ t

0

1{q̃n
1 (u)+q̃n

2 (u)=κn}(1 − q̃n
1 (u) − q̃n

3 (u))λdu.

Lemma 4(a) implies that the first term converges to mt, while the second vanishes.

Thus,

B∗a
(∫ ·

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}(1 − q̃n
1 (u) − q̃n

3 (u))λdu

)
→ B∗a(m·).

Similarly, B∗r (∫ ·
0
1{q̃n

1 (u)+q̃n
2 (u)<κn}νq̃n

3 (u)+du
)
→ 0 and B∗r (µq̃n

1 (u)+du) → B∗d(m·).
Hence, M̃n

1 ⇒ W1. The convergence of M̃n
i for i = 2, 3 follow similarly, which

completes the proof of (a). The proof of (b) follows in a similar manner.

Proof of Lemma 10. Using the Lipschitz continuity of Φ̃κn , we have

‖ Q∗n ‖t ≤ K‖ Z̃n ‖t, 0 ≤ t ≤ T,

where K is the Lipschitz constant derived in Lemma 8. Further, using the fact that

θ is Lipschitz continuous we obtain

‖ Z̃n ‖t ≤‖ Q∗n(0) ‖ +K1

∫ t

0

‖ Q∗n ‖udu + λ2t + ‖ M̃n ‖t + ‖
√

nδ̃n ‖t,

where K1 is a constant. Combining the above and using Gronwall’s Lemma we get

‖ Q∗n ‖T ≤ K(‖ Q∗n(0) + (k2, 0, 0)′ ‖ +‖ M̃n ‖T + ‖
√

nδ̃n ‖T + λ2T )eK2T ,

where K2 is another constant. Now as {Q∗n(0)}, {M̃n}, and {√nδ̃n} converge weakly

the result follows.

Proof of Lemma 11. Fix any T > 0. We shall first show that {D̃n
θ } given by (3.38) is

tight in DR3 [0, T ]. As θ is Lipschitz continuous, (3.38) implies

|D̃n
θ (t) − D̃n

θ (s)| ≤ (C‖ Q∗n ‖T + λ2)(t − s), 0 ≤ s ≤ t ≤ T,
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for some C > 0. Hence, using Lemma 10 we obtain the tightness of {D̃n
θ }. Then, as

Lemma 9 holds, we obtain the tightness of Z̃n. Finally, using (3.40) and the Lipschitz

continuity of Φ̃0, we establish the tightness of Q∗n to complete the proof.

Proof of Lemma 12. As Z̃n ⇒ Z∗, using the continuous mapping theorem we obtain

Q∗n ⇒ Q∗. Thus,

D̃n
θ (·) ⇒

∫ ·

0

(−(λ + µ)(Q∗
1(u) + k2) + (ν − λ)Q∗

3(u), λ2 − µQ∗
2(u),−νQ∗

3(u))du.

Then, using Lemma 9, we obtain the desired result.

Proof of Lemma 13. We shall assume Q̃n(0) = Qn(0) for all n for convenience. We

have

Q̂n(t)−Q∗n(t) =
√

n(Xn(t)−X̃n(t))+
√

n

(∫ t

0

Rn(u) dY n(u) − R̃n(t)Ỹ n(t)

)
. (B.9)

Consider the second term. As qn(·) → q̄, for every 0 < γ ∈ R
3 small enough, there

exists n∗ ∈ N such that for each n ≥ n∗,

−(m + γ1, λ1 + γ2,−m + γ3)
′ ≤ Rn ≤ −(m − γ1, λ1 − γ2,−m − γ3)

′.

This implies the following.

− ((m + γ1)Y
n(t) − mỸ n(t), (λ1 + γ2)Y

n(t) − λ1Ỹ
n(t), (−m + γ3)Y

n(t) + mỸ n(t))

≤
(∫ t

0

Rn(u) dY n(u) − R̃n(t)Ỹ n(t)

)

≤ −((m − γ1)Y
n(t) − mỸ n(t), (λ1 − γ2)Y

n(t) − λ1Ỹ
n(t), (−m − γ3)Y

n(t)

+ mỸ n(t)).

Hence,

‖
∫ t

0

Rn(u) dY n(u) − R̃n(t)Ỹ n(t) ‖T

≤ (m + λ1 + γ1 + γ2 + γ3)‖ Y n − Ỹ n ‖T + max
i

γi‖ Ỹ n ‖T
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≤ C‖ − sup
0≤s≤t

(Xn
1 (s) + Xn

2 (s) − κn)+ + sup
0≤s≤t

(
X̃n

1 (s) + X̃n
2 (s) − κn

)+

‖T

+ max
i

γi‖ Ỹ n ‖T

≤ 2C‖ Xn − X̃n ‖T + max
i

γi‖ Ỹ n ‖T ,

where C = m+λ1+γ1+γ2+γ3 and the last inequality follows by observing that for any

two real functions f, g we have | sup0≤s≤t f(s)− sup0≤s≤t g(s)| ≤ sups≤t |f(s)− g(s)|.
Using the above equation in (B.9) we obtain

‖ Q̂n − Q∗n ‖T ≤ (2C + 1)‖
√

n(Xn − X̃n) ‖T + max
i

γi‖
√

nỸ n ‖T . (B.10)

Now consider the term
√

n(Xn − X̃n). Using the definition of Xn and X̃n is (3.22)

and (3.27) respectively, we obtain

√
n(Xn − X̃n) =

1√
n

∫ t

0

θn(nqn(u)) − θn(nq̃n(u)) du +
√

n(αn(t) − α̃n(t))

+
√

n(δn(t) − δ̃n(t)),

where A is a constant. Hence, using the definition of θn we obtain

‖
√

n(Xn − X̃n) ‖T ≤
∫ t

0

A ‖
√

n(qn−q̃n) ‖u du+‖
√

n(αn − α̃n) ‖T +‖
√

n(δn − δ̃n ‖T .

Now, using this equation with (B.10), we obtain

‖
√

n(Q̂n − Q∗n) ‖T ≤(2C + 1)A

∫ T

0

‖
√

n(Q̂n − Q∗n) ‖u du + (2C + 1)‖
√

n(αn − α̃n) ‖T

+(2C + 1)‖
√

n(δn − δ̃n) ‖T + max
i

γi‖
√

nỸ n ‖T .

Now using Gronwall’s Lemma we obtain

‖
√

n(Q̂n − Q∗n) ‖T ≤ C1

(
‖
√

n(αn − α̃n) ‖T + ‖
√

n(δn − δ̃n) ‖T

+ max
i

γi‖
√

nỸ n ‖T

)
eC2T ,

(B.11)
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where C1, C2 are constants.

The following holds.

‖
√

n(αn − α̃n) ‖T ≤ ‖ 1√
n

(Ma,n − M̃a,n) ‖T + ‖ 1√
n

(Md,n − M̃d,n) ‖T .

As in Lemma 9, we associate the independent unit rate Poisson processes Na
i (·),

i = 1, 2, Nd
j (·), j = 1, 2, and N r(·) with a family of independent standard Brownian

motions Ba
i (·), i = 1, 2, Bd

j (·), j = 1, 2, and Br(·) such that the strong approximation

result in (1.1) of Lemma 1 holds. Then, using (1.1) we obtain

1√
n

(Ma,n
1 (t) − M̃a,n

1 (t)) =
1√
n

Ba
1

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}λ
n
1 (Qn(u)) du

)

− 1√
n

Ba
1

(∫ t

0

1{Q̃n
1 (u)+Q̃n

2 (u)<kn}λ
n
1 (Q̃n(u)) du

)

+
1√
n

Br

(∫ t

0

1{Qn
1 (u)+Qn

2 (u)<kn}νQn
3 (u)+du

)

− 1√
n

Br

(∫ t

0

1{Q̃n
1 (u)+Q̃n

2 (u)<kn}νQ̃n
3 (u)+du

)

+
1√
n

O(log(2 ∨ Knt)),

where K > 0 is some constant. This implies that the following holds.

1√
n

(Ma,n
1 (t) − M̃a,n

1 (t))

d
= B∗a

(∫ t

0

1{qn
1 (u)+qn

2 (u)<κn}
λn

1 (nqn(u))

n
du

)

− B∗a
(∫ t

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}
λn

1 (nq̃n(u))

n
du

)

+ B∗r
(∫ t

0

1{qn
1 (u)+qn

2 (u)<κn}νqn
3 (u)+du

)
− B∗r

(∫ t

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}νq̃n
3 (u)+du

)

+
1√
n

O(log(2 ∨ Bnt))),

(B.12)
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where B∗a and B∗r are independent standard Brownian motions, and the equality in

distribution holds uniformly on compact sets and is due to the self-similar nature of

standard Brownian motion. Now,

∫ t

0

1{qn
1 (u)+qn

2 (u)<κn}
λn

1 (nqn(u))

n
du =

∫ t

0

λn
1 (nqn(u))

n
du

−
∫ t

0

1{qn
1 (u)+qn

2 (u)=κn}
λn

1(nqn(u))

n
du.

Thus, using Lemma 4(a), we obtain

∫ t

0

1{qn
1 (u)+qn

2 (u)<κn}
λn

1 (nqn(u))

n
du → λ1(q̄(0))t.

Similarly, ∫ t

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}
λn

1 (nq̃n(u))

n
du → λ1(q̄(0))t.

Then using the uniform continuity of B∗a on the compact set [0, (λ + ν)T ] in (B.12),

we obtain

‖B∗a
(∫ ·

0

1{qn
1 (u)+qn

2 (u)<κn}
λn

1 (nqn(u))

n
du

)
− B∗a

(∫ ·

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}
λn

1 (nq̃n(u))

n
du

)
‖T

→ 0.

Similarly,

‖B∗r
(∫ ·

0

1{qn
1 (u)+qn

2 (u)<κn}νqn
3 (u)+du

)
− B∗r

(∫ ·

0

1{q̃n
1 (u)+q̃n

2 (u)<κn}νq̃n
3 (u)+du

)
‖T → 0,

and thus

‖ 1√
n

(Ma,n
1 − M̃a,n

1 ) ‖T ⇒ 0.

Continuing in a similar manner we can show that

‖ 1√
n

(Ma,n
i − M̃a,n

i ) ‖T ⇒ 0, i = 2, 3.
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Similarly, we obtain ‖ 1√
n
(Md,n

i − M̃d,n
i ) ‖T ⇒ 0, i=1,2,3. Hence,

‖ 1√
n

(αn − α̃n) ‖T ⇒ 0.

A similar argument shows that ‖ √
n(δn − δ̃n) ‖T ⇒ 0. Proposition 10 establishes the

weak convergence of Q∗n, which ensures that ‖ √
nỸ n ‖T has a weak limit. Then,

using these results in (B.11) and noting that γ is arbitrary, we obtain

‖ Q̂n − Q∗n ‖T ⇒ 0.

Proof of Lemma 14. The proof follows directly using the following result along with

Definition 1.

Lemma 18. There exist constants t0, c0 > 0 that are independent of n such that for

all sufficiently large n

sup
{z∈R2×R+:e′|z|≥c0

√
n}
{E [e′|q̂n(t0)||q̂n(0) = z] − e′|z|} ≤ −

√
n.

In addition, there exists β0 > 0 such that

lim sup
n→∞

sup
{z∈R2×R+}

E

[
exp(n− 1

2 β0(e
′|q̂n(t0)| − e′|z|)+)|q̂n(0) = z

]
< ∞, (B.13)

and

lim sup
n→∞

sup
{z∈S}

n−1
E

[
(e′|q̂n(t0)| − e′|z|)2 exp(n− 1

2 β0(e
′|q̂n(t0)| − e′|z|)+)|q̂n(0) = z

]

< ∞,

(B.14)

where S = R
2 × R+.
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Proof of Lemma 16. Corollary 1 proves that {π̂n} is tight, and thus has a converging

subsequence. Note that the limit point of this convergent subsequence must be in-

variant for the limiting diffusion process Q̂(·). Hence, we have obtained the existence

of an invariant distribution for this diffusion process. Uniqueness then follows using

the argument in the proof of Lemma 6 that proves the uniqueness of the invariant

distribution for the process X(·).
Proof of Lemma 18. We begin by defining a fluid trajectory q̄n(·) that starts at

qn(0) and then obtaining bounds on the deviations of the process qn from this fluid

trajectory. Formally, q̄n is defined as follows.

q̄n = Φκn(x̄n)

x̄n = q̄n(0) +

∫ t

0

θ̃(q̄n(u)) du,

where Φ is given by (3.21) and θ̃(x, y, z) = (−(λ + µ)x − (λ − ν)z,−µy,−νz)′. q̄n

satisfies the following ordinary differential equation:

dq̄n
1

dt
= λ − (λ + µ)q̄n

1 − (λ − ν)q̄n
3 ,

dq̄n
2

dt
= λ1 − µq̄n

2 ,

dq̄n
3

dt
= −νq̄n

3 ,

q̄n(0) = q̄(0) −
(

k2√
n

, 0

)′
− z

n
,

which is solved by

q̄n
1 (t) = q̄1(t) −

(
z1 + k2

√
n

n
+

z3

n(λ + µ − ν)

)
exp (−(λ + µ)t)

− z3

n(λ + µ − ν)
exp (−νt) ,

q̄n
2 (t) = q̄2(t) −

z2

n
exp (−µt) ,

q̄n
3 (t) =

z3

n
exp(−νt),

(B.15)
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if ν 6= λ + µ. For the case ν = λ + µ, the solution is given by

q̄n(t) = q̄(0) −
((

z1 + k2

√
n

n
+ t

z3

n

)
exp (−(λ + µ)t) ,

z2

n
exp (−µt) ,

z3

n
exp(−νt)

)′
.

For the remainder of the proof, we shall assume ν 6= λ + µ. The case ν = λ + µ can

be handled in an analogous manner.The following result will be useful in completing

the proof.

Lemma 19. The following results hold.

lim sup
n→∞

sup
z∈R2×R+

n
1
2 E [‖ q̄n − qn ‖t0 |q̂n(0) = z] < ∞, (B.16)

lim sup
n→∞

sup
z∈R2×R+

E

[
exp(n

1
2 β0‖ q̄n − qn ‖t0)|q̂n(0) = z

]
< ∞, (B.17)

lim sup
n→∞

sup
z∈R2×R+

nE

[
‖ q̄n − qn ‖t0

2 exp(n
1
2 β0‖ q̄n − qn ‖t0)|q̂n(0) = z

]
< ∞. (B.18)

Using (B.16), we obtain the existence of a constant C2 > 0 such that

E
[
|e′|q̂n(t0)| − e′|n(q̄(0) − q̄n(t0)) − (k2

√
n, 0)′| | |q̂n(0) = z

]

≤ 2nE [‖ q̄n − qn ‖t0 |q̂n(0) = z]

≤ C2

√
n.

Combining this with (B.15), we obtain that

E [e′|q̂n(t0)| |q̂n(0) = z] ≤ C2

√
n + |z1| exp(−(λ + µ)t0) + |z2| exp(−µt0)

+ z3

(
exp(−νt0) +

1

|λ + µ − ν| (exp(−(λ + µ)t0) + exp(−νt0))

)

+ |k2|
√

n(1 − exp(−(λ + µ)t0))

= e′|z| + C̃2

√
n − |z1|(1 − exp(−(λ + µ)t0)) − |z2|(1 − exp(−µt0))

− |z3|
(

1 −
(

exp(−νt0) +
1

|λ + µ − ν| (exp(−(λ + µ)t0) + exp(−νt0))

))

≤ e′|z| + C̃2

√
n − (|z1| + |z2|)(1 − exp(−µt0))

− |z3|
(

1 −
(

exp(−νt0) +
1

|λ + µ − ν| (exp(−(λ + µ)t0) + exp(−νt0))

))
,
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where C̃2 = C2+|k2|(1−exp(−(λ+µ)t0)). Hence, choosing c0 = C̃2+3
2

and t0 such that

c0 exp(−µt0) ≤ 1 and c0

(
exp(−νt0) + 1

|λ+µ−ν| (exp(−(λ + µ)t0) + exp(−νt0))
)

≤ 1

and noting that e′|z| > c0

√
n, we obtain

E [e′|q̂n(t0)| |q̂n(0) = z] − e′|z| ≤ −
√

n.

To prove (B.13) and (B.14), note that for any β > 0 following relation holds.

n− 1
2 β(e′|q̂n(t0)| − e′|z|)+ ≤ n− 1

2 β(e′|q̂n(t0)| − e′|n(q̄(0) − q̄n(t0)) − (k2

√
n, 0, 0)′|)+

+ n− 1
2 β(e′|n(q̄(t0) − q̄n(t0)) − (k2

√
n, 0, 0)′| − e′|z|)+

≤ 2n
1
2 β‖ q̄n − qn ‖t0 + β|k2|,

(B.19)

as (B.15) implies (e′|n(q̄(0) − q̄n(t0)) − (k2

√
n, 0, 0)′| − e′|z|)+ ≤ |k2|

√
n.

Use of Lemma 19 along with (B.19) completes the proof.

Proof of Lemma 19. We will begin by demonstrating that (B.17) implies both (B.16)

and (B.18). To see this, for a fixed β1 > 0, choose C large enough so that exp(β1x) >

x2 > x for x > C. Replacing n
1
2‖ q̄n − qn ‖t0 by max(C, n

1
2‖ q̄n − qn ‖t0) to obtain

that (B.18) and (B.16) hold provided the following holds.

lim sup
n→∞

sup
z∈R2×R+

E

[
exp

(
2β0 max(C, n

1
2‖ q̄n − qn ‖t0)

)
|q̂n(0) = z

]
< ∞,

which holds if and only if (B.17) holds. Hence, we will focus on proving (B.17).

For i = 1, 2, 3, we have the following

P

(
sup

0≤t≤t0

exp
(
βn

1
2 |q̄n

i (t) − qn
i (t)|

)
≥ u|q̂n(0) = z

)

= P

(
sup

0≤t≤t0

|q̄n
i (t) − qn

i (t)| ≥ β−1n− 1
2 log u

∣∣∣∣ q̂
n(0) = z)

≤ P

(
a(t0)

λ2√
n

+ b(t0)‖ αn ‖t0 + c(t0)‖ δn ‖t0 ≥ β−1n− 1
2 log u

)

where the inequality follows by repeating the argument used to obtain (B.2) noting
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that e′q̄n ≤ e′q̄, with a(t0), b(t0), and c(t0) being the analogs of the coefficients of λ2√
n
,

‖ αn ‖t0 , and ‖ δn ‖t0 in the analog of (B.2). We will now use the strong approximation

result to bound the terms ‖ αn ‖t0 and ‖ δn ‖t0 . First, define the independent and

identically distributed random variables X i
j = supt>0

|N i
j(t)−t−Bi

j (t)|
log(2∨t)

, for i ∈ {a, d} and

j = 1, 2, and Xr = supt>0
|Nr(t)−t−Br(t)|

log(2∨t)
. Lemma 1 ensures that EeθX < ∞ for θ small

enough, where X = X i
j, X

r.

Observe that the definition of αn in (3.18), the fact qn ≤ max(1, e′q̄) and the strong

approximation result imply for a constant γ > 0, ‖ n
1
2 αn ‖t0 ≤st

∑2
i=1(‖ Ba

i (γ·) ‖t0 +

‖ Bd
i (γ·) ‖t0) + ‖ Br(γ·) ‖t0 + (

∑
i,j X i

j + Xr) log(2 ∨ γnt0)/
√

n and ‖ n
1
2 δn ‖t0 ≤st

‖ Ba
1 (γ·) ‖t0 + 2X+

1 log(2 ∨ γnt0)/
√

n, where Y ≤st Z if P(Y > a) ≤ P(Z > a) for

a ∈ R. This combined with the above relation suggests the following

P

(
sup

0≤t≤t0

exp
(
βn

1
2 |q̄n

i (t) − qn
i (t)|

)
≥ u|q̂n(0) = z

)

≤ 5P

(
(b(t0) + c(t0))‖ Ba

1 (γ·) ‖t0 ≥
β−1 log u − λ2a(t0)

10

)

+ 5P

(
(b(t0) + 2c(t0))X

+
1 ≥ β−1 log u − λ2a(t0)

10

√
n

log(2 ∨ γnt0)

)

= C1 exp
(
−c1(β

−1 log u − ζ)2
)

+ K1 exp

(
−θ(β−1 log u − ζ)

√
n

log(2 ∨ γnt0)

)
,

where ζ = λ2a(t0) and K1, C1, c1 are constants. The last relation holds using tail

bounds on the maximum of the Brownian motion and using EeθX+
1 < ∞ for some

θ > 0. Now,

∫ ∞

2

C1 exp
(
−c1(β

−1 log u − ζ)2
)
du =

∫ ∞

2

C2u
−c1β−1(β−1 log u−2ζ)du) < ∞,

where C2 is a constant and the finiteness follows as for u > u0 ≡ exp
(

2β2

c1
+ 2ζβ

)
,

the exponent of u in the above relation is less than −2. We also observe that

∫ ∞

eζβ

K1 exp

(
−θ(β−1 log u − ζ)

√
n

log(2 ∨ γnt0)

)
du < ∞
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. This implies the following.

lim sup
n→∞

sup
z∈R2×R+

E

[
sup

0≤t≤t0

exp(n
1
2 β0(q̄

n
i (t) − qn

i (t))+)|q̂n(0) = z

]

≤ eζβ +

∫ ∞

eζβ

K1 exp

(
−θ(β−1 log u − ζ)

√
n

log(2 ∨ γnt0)

)
du + 2

+ lim sup
n→∞

sup
z∈R2×R+

∫ ∞

2

P

(
sup

0≤t≤t0

(q̄n
i (t) − qn

i (t))+ ≥ β−1n
1
2 log u|q̂n(0) = z

)
du

< ∞,

and hence

lim sup
n→∞

sup
{z:e′z≥0}

E

[
exp(n

1
2 β0(‖ q̄n

i − qn
i ‖t0)

+)|q̂n(0) = z
]

< ∞,

which concludes the proof of (B.17).



Appendix C

Proofs of Results in Chapter 4

Before embarking on the proofs of the results in this chapter, we shall state and prove

some asymptotic results that will be quite useful.

C.1 Asymptotic Results

Consider a sequence of systems with the nth system consisting of ⌈an + bn
√

n⌉ > 0

subscribers, where a > 0 and bn ∈ R such that bn → b. Let Qn(t) represent the

number of servers in use at time t in the system when there are n subscribers, i.e.,

Qn(t) =
∑⌈an+bn√n⌉

i=1 1{Subscriber i is on at time t}. We consider capacity levels of the form

kn = k̄n+κn
√

n for some k̄ ∈ R+ and κn ∈ R such that κn → κ. Define qn(·) = Qn(·)
n

,

the centered and scaled process

Q̂n(t) =
Qn(t) − kn

√
n

≤ 0

and q̄(·) = min
(
k̄, λ

λ+µ
a
)
. We then have the following asymptotic results for this

system.

Lemma 20. If qn(0) → q̄(0) a.s., then

(a) qn → q̄.

87
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(b) If k̄ = λ
λ+µ

a and Q̂n(0) ⇒ Q̂(0), then Q̂n ⇒ Q̂, where Q̂(·) is a reflected affine-

drift diffusion process with an upper reflecting barrier at 0. That is,

Q̂(t) = Q̂(0) − (λ + µ)

∫ t

0

(
Q̂(s) + κ − λ

λ + µ
b

)
ds +

√
2am B(t) − Y (t),

where B is a standard Brownian motion and Y is the non-negative, non de-

creasing process such that
∫ t

0
Q̂(u)dY (u) = 0, ∀t ≥ 0 and Y (0) = 0.

(c) The invariant distribution of Q̂n(·), π̂n → π̂, where π̂ is the unique invariant

distribution of the diffusion process Q̂. Further, Eπ̂nQ̂n(0) → Eπ̂Q̂(0).

(d) The density corresponding to π̂ is given by

p̂(x) =

exp

(
− 1

2am
(λ + µ)

(
x + κ − λ

λ+µ
b
)2
)

∫ 0

−∞ exp

(
− 1

2am
(λ + µ)

(
z + κ − λ

λ+µ
b
)2
) , x ≤ 0.

Proof. Perform a change in parameter with ℓ = an+b
√

n. We now have a system with

ℓ subscribers and kℓ = k̄
a
ℓ +

(κ−k̄ b
a)√

a

√
ℓ servers. (Note that kℓ is only approximately

equal to kn, but the difference is asymptotically negligible at the diffusion scale.) We

can now derive the asymptotic limits using Proposition 2 in Section 2.1. These limits,

when scaled appropriately, give us the limits in (a) and (b). The convergence results

in (c) follow from Theorem 1(b) in Section 3.1 and Proposition 12 in Section 3.3

respectively. Proposition 1 in Ward and Glynn (2003) gives us (d).

Suppose instead of the subscribers, there is an exogenous stream of customers

that arrive according to a Poisson process with rate λp = λ1n + λn
2

√
n, where λ1 > 0

and λn
2 ∈ R such that λn

2 → λ2. Let Q(·) ∈ DR[0,∞) be the process that denotes

the number of servers in use by the exogenous customers. Define qn(·) and Q̂n as

before and q̄(·) ≡ min
(
k̄, λ1

µ

)
. We then have the following asymptotic results for this

system.

Lemma 21. If qn(0) → q̄(0) a.s., then
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(a) qn → q̄.

(b) If k̄ = λ1

µ
and Q̂n(0) ⇒ Q̂(0), then Q̂n ⇒ Q̂, where Q̂(·) is a reflected affine-drift

diffusion process with an upper reflecting barrier at 0. That is,

Q̂(t) = Q̂(0) + λ2t − µ

∫ t

0

(Q̂(s) + κ)ds +
√

2λ1B(t) − Y (t),

where B is a standard Brownian motion and Y is the non-negative, non de-

creasing process such that
∫ t

0
Q̂(u)dY (u) = 0, ∀t ≥ 0 and Y (0) = 0.

(c) The invariant distribution of Q̂n(·), π̂n → π̂, where π̂ is the unique invariant

distribution of the diffusion process Q̂. Further, Eπ̂nQ̂n(0) → Eπ̂Q̂(0).

(d) The density corresponding to π̂ is given by

p̂(x) =

exp

(
−1

2
µ
λ1

(
x + κ − λ2

µ

)2
)

∫ 0

−∞ exp

(
−1

2
µ
λ1

(
z + κ − λ2

µ

)2
)

dz

, x ≤ 0.

This result can be derived from Proposition 4 in Section 2.2 just as Lemma 20 is

derived from Proposition 2.

Suppose now we have a system with both subscribers and the exogenous stream

of customers. Let Q(·) ∈ DR2[0,∞) be the process that denotes the number of servers

in use by the subscribers and the exogenous customers. Define qn = Qn

n
, Q̂n = Qn−kn

√
n

,

and q̄(·) =
(

λ
λ+µ

a, λ1

µ

)
. We then have the following asymptotic results for this system

that can be derived from Propositions 7 and 8 in Section 3.1.1.

Lemma 22. If k̄ = λ
λ+µ

a + λ1

µ
and qn(0) → q̄(0) a.s., then

(a) qn → q̄.
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(b) If Q̂n(0) ⇒ Q̂(0), then Q̂n ⇒ Q̂, where Q̂(·) is given by

Q̂1(t) = Q̂1(0) − (λ + µ)

∫ t

0

(
Q̂1(s) + κ − λ

λ + µ
b

)
ds+

√
2amB1(t)−amY (t),

Q̂2(t) = Q̂2(0) + λ2t − µ

∫ t

0

Q̂2(s)ds +
√

2λ1B2(t) − λ1Y (t),

where B1 and B2 are two independent standard Brownian motions and Y is the

non-negative, non-decreasing process such that
∫ t

0
(Q̂1(u) + Q̂2(u))dY (u) = 0,

∀t ≥ 0 and Y (0) = 0.

(c) The invariant distribution of Q̂n(·), π̂n → π̂, where π̂ is the unique invariant

distribution of the diffusion process Q̂. Further, Eπ̂nQ̂n
i (0) → Eπ̂Q̂i(0) for i =

1, 2.

(d) The density corresponding to π̂ is given by

p̂(x, y) =






exp

0

@− 1
2

0

@

(x+κ−bλ/(λ+µ))2(λ+µ)
am

+
(y−

λ2
µ )

2
µ

λ1

1

A

1

A

R 0
−∞

exp
“

− (z+κ−bλ/(λ+µ)−λ2/µ)2

2(am/(λ+µ)+λ1/µ)

”

dz
, if x + y ≤ 0,

0, else.

Armed with Lemmas 20, 21, and 22, we are now ready to prove the results of

Chapter 4.

C.2 Proofs of Results in Section 4.1

Let πn denote the invariant distribution of Qn(·). We shall now state and prove the

following result that will be useful in proving the results of this section.

Lemma 23. For a sequence (pn, kn) with associated denial probability γn, we have

γn =
λNn(pn, γn) − (λ + µ)EπnQn(0)

λ (Nn(pn, γn) − EπnQn(0))
.
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Proof. We can write Qn(t), for any t > 0, as follows

Qn(t) = Qn(0)+A

(
λ

∫ t

0

(Nn(pn, γn) − Qn(s)) ds

)
−D

(
µ

∫ t

0

Qn(s)ds

)
−Y n(t), a.s,

(C.1)

where A(·) and D(·) are two independent Poisson processes with unit rate, and

Y n(·) = A
(
λ
∫ ·
0
(Nn(pn, γn) − Qn(s)) ds

)
−A

(
λ
∫ ·
0
1{Qn(s)<kn}(N

n(pn, γn) − Qn(s)) ds
)

counts the number of denied attempts. Note that

lim
t→∞

A
(
λ
∫ t

0
(Nn(pn, γn) − Qn(s)) ds

)

t
= λNn(pn, γn) − λ lim

t→∞

1

t

∫ t

0

Qn(s)ds

= λ (Nn(pn, γn) − EπnQn(0)) .

(C.2)

Similarly, we get

lim
t→∞

D
(
µ
∫ t

0
Qn(s)ds

)

t
= µEπnQn(0). (C.3)

Using (C.2) and (C.3) in (C.1), we obtain

lim
t→∞

Y n(t)

t
= λNn(pn, γn) − (λ + µ)EπnQn(0).

Thus, using (4.1) we obtain

γn = lim
t→∞

Y n(t)

A
(
λ
∫ t

0
(Nn(pn, γn) − Qn(s)) ds

)

=
λNn(pn, γn) − (λ + µ)EπnQn(0)

λ (Nn(pn, γn) − EπnQn(0))
,

which proves the claim.

The following result provides a justification of the demand function in (4.2).

Lemma 24. For a system with n subscribers and ν = λ, the mean time between

successful attempts to obtain a product in steady-state for a subscriber is 1
λ(1−γ)

+ 1
µ
.

Proof. For convenience we shall drop the superscript n. The mean time between

successful attempts to obtain a product in steady-state for a subscriber can be written
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as

lim
t→∞

t

No. of successful attempts per subscriber by t

= lim
t→∞

No. of attempts by t

No. of successful attempts by t

t

No. of attempts per subscriber by t

=
1

(1 − γ)

1

λ
(
1 − EπQ(0)

n

) ,

(C.4)

where we use the definition of γ given in (4.1) and the arguments in Lemma 23 to

arrive at this relation. Lemma 23 also implies that

γ =
λn − (λ + µ)EπQ(0)

λ(n − EπQ(0))
. (C.5)

Writing EπQ(0) in terms of γ in (C.5) and substituting this in (C.4) gives us the

desired result.

Proof of Proposition 13. Consider any sequence (pn, kn). Choose a subsequence n′

such that γn′ → γ̃, pn′ → p̃, and kn′

/n′ → k̃ as n′ → ∞. For this scenario,

lim
n′→∞

Πn′

(pn′

, kn′

)

n′ = p̃F̄

((
1

λ(1 − γ̃)
+

1

µ

)
(r + p̃)

)
− k̃c,

where using Lemma 23, γ̃ =
λF̄(( 1

λ(1−γ̃)
+ 1

µ)(r+p̃))−(λ+µ)k̃

λ(F̄(( 1
λ(1−γ̃)

+ 1
µ)(r+p̃))−k̃)

.

Consider the following optimization problem

max
(p,k)∈R

2
+

pF̄

((
1

λ(1 − γ)
+

1

µ

)
(r + p)

)
− kc

s.t.

γ =
λF̄
((

1
λ(1−γ)

+ 1
µ

)
(r + p)

)
− (λ + µ)k

λ
(
F̄
((

1
λ(1−γ)

+ 1
µ

)
(r + p)

)
− k
) .

(C.6)

We will show that the above problem is maximized at (p̄, k̄) and has γ = 0, which

proves the claim.



APPENDIX C. PROOFS OF RESULTS IN CHAPTER 4 93

Fix the number of servers at k, and denote F̄
((

1
λ(1−γ)

+ 1
µ

)
(r + p)

)
by x. Using

the definition of γ, we obtain

x = kµ

(
1

λ(1 − γ)
+

1

µ

)
.

The optimization problem can thus be rewritten as

max
γ≥0

kµF̄−1

(
kµ

(
1

λ(1 − γ)
+

1

µ

))
− rkµ

(
1

λ(1 − γ)
+

1

µ

)
− kc.

It is easy to see that the above is maximized at γ = 0, and hence (C.6) has the same

solution as (4.3), which is (p̄, k̄).

We adapt the proof technique in Plambeck and Ward (2005) to prove the following

result.

Proof of Lemma 17. We shall prove that for any (pn, kn) and the associated γn if

lim supn→∞ |√nθn| = ∞, then lim supn→∞ Π̃n(pn, kn) = ∞, and hence (pn, kn) cannot

be asymptotically optimal.

Given (pn, kn) we can write

Π̃n(pn, kn) =
√

n

(
Π̄ −

(
pnF̄

((
1

λ(1 − γn)
+

1

µ

)
(r + pn)

)
− (kn/n)c

))

=
√

n

(
Π̄ −

(
pnF̄

(
r + pn

m

)

+ pn

(
F̄

(
r + pn

m

)
− F̄

((
1

λ(1 − γn)
+

1

µ

)
(r + pn)

))))
+ (kn/

√
n)c

(a)
=

√
n

(
Π̄ −

(
pnF̄

(
r + pn

m

)
− (kn/n)c

))

+
√

npn

(
F̄

(
r + pn

m

)
− F̄

((
1

λ(1 − γn)
+

1

µ

)
(r + pn)

))

≥
√

n

(
θnc + pn

(
F̄

(
r + pn

m

)
− F̄

((
1

λ(1 − γn)
+

1

µ

)
(r + pn)

)))
,

(C.7)

where the inequality follows from the fact that the second term in (a) is upper bounded
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by the solution to the problem

max
(p,k)∈R

2
+

pF̄

(
r + p

m

)
− kc

s.t.

k =
λ

λ + µ
F̄

(
r + p

m

)
+ θn,

which is Π̄ − θnc at p = p̄. We now divide the proof based on two cases.

Case 1: lim supn→∞
√

nθn = ∞
Since γn ≥ 0, this implies that the second term in the lower bound for Π̃n(pn, kn) in

(C.7) is non-negative. Hence,

Π̃n(pn, kn) ≥
√

nθnc,

and hence lim supn→∞ Π̃n(pn, kn) = ∞.

Case 2: lim infn→∞
√

nθn = −∞
Consider a subsequence n′ such that limn′→∞

√
n′θn′

= −∞. Using (4.5), we split

each capacity imbalance θn′

into corrections in prices and number of servers, i.e., set

pn′

= p̄ + φn′

, and kn′

= (k̄ + κn′

)n′, such that

θn′

=
φn′

µ
f

(
r + p̄

m

)
+ κn′

+ o(φn′

).

Using Lemma 23, Taylor’s expansion, and the fact that Qn′

(·) ≤ (k̄ + κn′

)n′, we have

the following relation for n′ large enough

γn′ ≥
λn′
(
F̄
(

r+p̄
m

)
− f

(
r+p̄
m

)
φn′

m
− f

(
r+p̄
m

)
(r + p̄)γn′

/λ + o(φn′

) + o(γn′

)
)

λ(Nn′(pn′, γn′) − Eπn′Qn′(0))

−
(λ + µ)n′

(
λ

λ+µ
F̄
(

r+p̄
m

)
+ κn′

)

λ(Nn′(pn′, γn′) − Eπn′Qn′(0))

≥ −λf
(

r+p̄
m

)
φn′

m
− f

(
r+p̄
m

)
(r + p̄)γn′

+ o(φn′

) + o(γn′

) − (λ + µ)κn′

(
λF̄
(

r+p̄
m

)
− λ λ

λ+µ
F̄
(

r+p̄
m

))
+ O(1/n)

=
−(λ + µ)θn′ − f

(
r+p̄
m

)
(r + p̄)γn′

+ o(γn′

)

mF̄
(

r+p̄
m

)
+ O(1/n)

,

(C.8)
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where the second inequality follows as limn′→∞ pn′

= p̄, limn′→∞ kn′

/n′ = k̄, and

lim
n′→∞

Eπn′Qn′

(0)/n′ =
λ

λ + µ
F̄

(
r + p̄

m

)
,

which follows as Qn′
(0)

n
≤ k̄ + 1 for n′ large enough.

We can simplify (C.8) to obtain

θn′

γn′ ≥ − 1

λ + µ

(
mF̄

(
r + p̄

m

)
+ f

(
r + p̄

m

)
(r + p̄) + o(γn′

)/γn′

+ O(1/n)

)
. (C.9)

Since limn′→∞
√

n′θn′

= −∞, the above implies limn′→∞
√

n′γn′

= ∞.

Using Taylor’s expansion in (C.7), and then using (C.9) we get

lim
n′→∞

Π̃n′

(pn′

, kn′

) ≥ lim
n′→∞

√
n′
(

θnc + (p̄ + φn′

)f

(
r + p̄

m

)
(r + p̄)γn′

/λ + o(γn′

)

)

≥ lim
n′→∞

√
n′γn′

(
− c

λ + µ

(
mF̄

(
r + p̄

m

)
+ f

(
r + p̄

m

)
(r + p̄)

)

+ p̄f

(
r + p̄

m

)
(r + p̄)/λ + O(φn′

) + o(γn′

)/γn′

+ O(1/n)

)

(b)
=

(
lim

n′→∞

√
n′γn′ f

(
r+p̄
m

)

λ

)(
p̄ − λc

λ + µ

)(
r + p̄ − λc

λ + µ

)
,

where (b) follows by using (4.4). Again referring to (4.4), we must have
(
p̄ − λc

λ+µ

)
≥

0. In addition noting that r ≥ 0, we obtain limn′→∞ Π̃n′

(pn′

, kn′

) = ∞, which implies

lim sup
n→∞

Π̃n(pn, kn) = ∞.

Proof of Proposition 14. We shall first compute the asymptotic denial probability

when the number of subscribers joining the system is independent of the denial prob-

ability. Once, we have this limit we shall incorporate the dependence to complete the

proof.
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Consider a sequence of systems with Nn = ⌈an + bn
√

n⌉ ≥ 0 subscribers in the

nth system, where a > 0 and bn ∈ R such that bn → b, and number of servers given

by kn = λ
λ+µ

an + κ
√

n for some κ ∈ R. We can then characterize the asymptotic

scaled denial probability for this system as follows.

Lemma 25. The scaled denial probability converges as follows.

lim
n→∞

γn
√

n =

√
λ + µ

am
h

(
−
(

κ − λ

λ + µ
b

)√
λ + µ

am

)
.

We now let the number of subscribers in the nth system be Nn(pn, γn). To complete

the proof we need to establish that γn
√

n converges. To see this convergence, note

that Nn(pn, γn) ≤ Nn(pn, 0), and hence performing a birth-death chain analysis, we

obtain γn = d(Nn(pn, γn), kn) ≤ d(Nn(pn, 0), kn). A direct application of Lemma 25

allows us to conclude that d(Nn(pn, 0), kn)
√

n converges as both φn
√

n and κn
√

n

converge. Hence, lim supn→∞ γn
√

n < ∞. Further, as the relation (4.7) must hold for

any convergent subsequence of γn
√

n, the result follows.

Proof of Lemma 25. Arguing as in Lemma 23, we can show that

γn =
λNn − (λ + µ)EπnQn(0)

λ (Nn − EπnQn(0))
.

Hence, using Lemma 20(c), we have

γn
√

n → −(λ + µ)2

aλµ
Eπ̂

(
Q̂(0) + κ − λ

λ + µ
b

)
.

Using Lemma 20(c) we can compute

Eπ̂

(
Q̂(0) + κ − λ

λ + µ
b

)
=

√
am

λ + µ
h

(
−
(

κ − λ

λ + µ
b

)√
λ + µ

am

)
.

Hence, we have

lim
n→∞

γn
√

n =

√
λ + µ

am
h

(
−
(

κ − λ

λ + µ
b

)√
λ + µ

am

)
.
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Proof of Proposition 15. We can express Π̃n(pn, kn) as

Π̃n(pn, kn) =
√

n

(
Π̄ −

(
pnF̄

((
1

λ(1 − γn)
+

1

µ

)
(r + pn)

)
− (kn/n)c

))

=
√

n

(
θnc + p̄f

(
r + p̄

m

)
(r + p̄)(γn/λ) + o(1/

√
n)

)
,

where the second equality follows by application of Taylor’s expansion and using (4.6).

Using θ = limn→∞ θn
√

n and Proposition 14, we obtain

lim
n→∞

Π̃n(pn, kn) = θc + p̄f

(
r + p̄

m

)
(r + p̄)γ/λ,

where γ satisfies (4.7).

C.3 Proofs of Results in Section 4.2

The key difference between the subscription option and the pay-per-use options is in

the computation of the denial probability. For the pay-per-use option, the following

analog of Lemma 23 holds.

Lemma 26. For a sequence (pn
p , k

n) with associated denial probability γn, we have

γn =
Λn(pn

p , γ
n) − µEπnQn(0)

Λn(pn
p , γ

n)
.

Proof. We can write the number of customers using the product at time t, Qn(t), for

any t > 0, as follows

Qn(t) = Qn(0) + A
(
Λn(pn

p , γ
n)t
)
− D

(
µ

∫ t

0

Qn(s)ds

)
− Y n(t) a.s.,

where A(·) and D(·) are two independent Poisson processes with unit rate, and

Y n(·) = A
(
Λn(pn

p , γn)·
)
− A

(
Λn(pn

p , γ
n)
∫ ·
0
1{Qn(s)<kn}ds

)
counts the number of de-

nied attempts. The result now follows by continuing as in the proof of Lemma 23.
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Using this result and Lemma 21, all other results in this section can be proved in

a manner similar to those in Section 4.1 and are omitted for brevity.

C.4 Proofs of Results in Section 4.4

For this system, the following analog of Lemma 23 holds.

Lemma 27. For a sequence (pn
p , k

n) with associated denial probability γn, we have

γn =
λNn(pn

s , γn) + Λn(pn
p , γ

n) − (λ + µ)EπnQn
1 (0) − µEπnQn

2 (0)

λ(Nn(pn
p , γ

n) − EπnQn
1 (0)) + Λn(pn

p , γn)
.

Using this result and Lemma 22, all other results in this section can be proved in

a manner similar to those in Section 4.1 and are omitted for brevity.

C.5 Proof of Proposition 21

The nominal solution is given by p̄s = p̄p = 1
α

+ c
µ
≡ p̄. Using this we characterize

the optimal capacity imbalances θ∗i and denial probabilities γ∗
i , i = s, p for the two

options. (4.8) implies that

γ∗
s =

√
(λ + µ)eαp̄ h(z),

where z = −
√

(λ + µ)eαp̄
(
θ∗s + αe−αp̄p̄ γ∗

s

λ+µ

)
. Then using the fact that for a standard

normal distribution h′(x) = h2(x) − xh(x), we can rewrite the optimality condition

on z, h′(z) = αc
µ+αc

in conjunction with (4.8) to obtain the following relation

(γ∗
s )

2

(
1 + αp̄

λ + µ

)
e−αp̄ + θ∗sγ

∗
s =

αc

µ + αc
,

which implies

γ∗
s = (λ + µ)eαp̄

−θ∗s +
√

(θ∗s)
2 + 4αc(1+αp̄)

(µ+αc)(λ+µ)
e−αp̄

2(1 + αp̄)
. (C.10)
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Performing a similar analysis for the pay-per-use option, we first observe that the

optimality conditions are identical, i.e., h′(z) = αc
µ+αc

. Hence, equating the corre-

sponding z values for the two options, we obtain

−
√

(λ + µ)eαp̄

(
θ∗s + αe−αp̄p̄

γ∗
s

λ + µ

)
= −

√
µeαp̄ θ∗p.

Using the value of γ∗
s , this can be simplified to obtain

θ∗p =
√

λ

(
1

2

(
2 + αp̄

1 + αp̄

)
θ∗s +

αp̄

2(1 + αp̄)

√

(θ∗s)
2 +

4αc(1 + αp̄)

(µ + αc)(λ + µ)
e−αp̄

)
.

Note that this implies θ∗p > θ∗s as λ > 1. Further, we can derive an analog of (C.10)

to write out γ∗
p in terms of θ∗p to obtain

γ∗
p =

µeαp̄

2

(
−θ∗p +

√
(θ∗p)

2 +
4αc

(µ + αc)µ
e−αp̄

)
,

which can be recast as a function of θ∗s alone. Hence, the denial probabilities and the

optimal capacity imbalance in the pay-per-use system can be written as a function

of θ∗s . This enables to write out the difference in the loss of profits between the two

options as

P (θ∗s) = cθ∗p(θ
∗
s) + e−αp̄p̄γ∗

p(θ
∗
s) −

(
θ∗sc + αe−αp̄ p̄2

λ
γ∗

s (θ
∗
s)

)
.

The claim is equivalent to proving P (θ∗s) > 0. Noting that computing the value

of θ∗s requires us to deal with the hazard rate function, instead we will prove that

P (θ) > 0 for any θ ∈ R. Via algebraic manipulations we can show that P (0) > 0 and

P (θ) = 0 has no real roots. This along with the continuity of P completes the proof.
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